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Preface

This monograph is concerned with the theory and applications of the Borel-
Cantelli Lemma, hereafter referred to as BCL, although the applications of BCL to
the strong laws of large numbers and the laws of the iterated logarithms will not be
mentioned here. BCL is indispensible for deriving results on, the almost sure
behavior of random variables. Hence almost all textbooks on probability theory
contain a discussion on BCL. However, I have tried to include here as an extensive
a treatment of BCL as possible. I have attempted to make this monograph self-
contained by introducing some standard facts on probability theory in Chap. 1.
A special feature of this treatise is a very exhaustive list of research papers and
books on BCL; however, if there is any important omission in this regard, it is due
to the lack of my knowledge and I sincerely apologize for it.

Attempts have been made to make the discussion lucid, simple, and thorough;
the proofs are given in great detail and are completely rigorous. Any advanced
undergraduate student learning probability theory will be able to understand a
large part of this monograph.

I am grateful to my colleagues Sreela Gangopadhyay and Gour Mohan Saha for
their great help. Thanks are also due to Prasanta Kumar Sen for doing an excellent
typing.

I learnt the introductory probability from Anil Kumar Bhattacharyya, my tea-
cher at Presidency College, Kolkata, India. Then I learnt the measure theoretic and
advanced probability from Ashok Maitra of the Indian Statistical Institute, Kolk-
ata, India. I am indebted to them for my current state of understanding, probability
theory. I gratefully dedicate this monograph to the loving memory of these two
great teachers and respectable personalities.

March 2012 T. K. Chandra
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Chapter 1
Introductory Chapter

1.1 Probability Spaces

Let ©2 be a nonempty (abstract) set. Let .A be a o-field of subsets of Q; i.e., Ais a
family of subsets of €2 such that

(a) Qe A,
(b)y Ac A= A € A; and
() Aye AVn>1=Ur2 A, € A

Let P be a probability measure defined on A; i.e., P is a set function defined on
A into R such that

(d) P(A) > 0VA € A;
(e) P(2) =1; and
(f) whenever {A,},>1 is a sequence of pairwise disjoint sets in .4, one has

o
Z P(A,) converges to P ( oLj An) .
n=1

n=1

The triplet (€2, A, P) is called a probability space. It has the following interpre-
tation. We have a random experiment in mind (an experiment is called random if the
set of all possible outcomes of it is known but it is impossible to foretel which one of
these outcomes will occur in case the experiment is performed once). Then 2 will
stand for its sample space, i.e., the set of all possible outcomes of the experiment; the
family .4 will stand for the set of all possible events; and P will denote the chance
mechanism governing the occurrence of the random outcomes (or the events). By an
event A, we shall mean that A € A. This axiomatization of a probability space is
due to Kolmogorov (1933).

We shall be concerned with some of the basic properties of the probability space.
First, A is closed under finitely many or countably many set operations. Second,

T. K. Chandra, The Borel-Cantelli Lemma, SpringerBriefs in Statistics, 1
DOI: 10.1007/978-81-322-0677-4_1, © The Author(s) 2012



2 1 Introductory Chapter

P () = 0 and P is finitely additive. Also,

(g) P(A\B)=P(A)— P(B)if BC A,and B, A € A;
(h) (the truncation inequality) P(A) < P(ANB) + P(B°)if A, B € A; and so

|P(A) — P(B)| < P(AAB)if A, B € A,

A being the symmetric difference operator;

(i) P(B) < P(A)IfBC A,and B, A € A,
(G) P(AY)=1—P(A)if A € A;
(k) (Boole’s inequality) if A,, € AVn > 1, then

(0.¢]
(0,¢]
P (nL:Jl An) =< 21 P(An);
n=

in particular, if Ay, ..., A, € A, then

n
n
P (1-51 Ai) =2 P(A;
i=1
(1) if A, C Apy1 and A, € AVn > 1, then
o0
P(A,)) — P ( U A,,);
n=1
(m) if A,11 C A, and A, € AVn > 1, then
o0
P(A,) — P ( ﬂlAn);
n=

(n) P(AUB) = P(A)+ P(B)— P(ANB)ifA, B e A.

The facts (/) and (m) are known as the continuity properties of the set function
P.If A, C Ay+1Vn > 1, one says that {A,},> is increasing, and writes A, 1 A
where A = U;’zozlA,,; if A,41 C A,Vn > 1, one says that {A,},> is decreasing,
and writes A, | A where A =N>° | A,.

The sequence {A, },>1 is called monotone if it is either increasing or decreasing.
Thus (/), (m) together say that

{An}n>1is monotone, A, € AVn>1 and A, - A= P(A,) = P(A).

The proofs of (g)—(j) and (n) are elementary. To prove (k), put

-1
By = Ay\ ("u Ai), n>1
i=0
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where Ay = (J; the sets B, are obtained from the A, successively by the process of
disjointification. Obviously, B, € AVn > 1, B, C A, and U2 | A, = U2 By;
furthermore, B, N B,, =W if n # m, for,n <m — 1 = B, C A{,. Thus

P (,}il An) =P (n“il Bn) = ; P(B,) < ; P(Ay).

The fact (/) can be established thus: Define B, = A,\A,—1 Vn > 1 where Ay = @.
Then B, € AVn > 1, the sets B, are pairwise disjoint, U>> | B, = U™ | A, and
U!_B; = A,, Yn > 1. Thus

P (ngl Bn) = ; P(B,)

" n
lim > P(B;) = lim P(U B,-) = lim P(A,).
n—0o0 N 1 n—0o0 1:1 n—00

1=

~
=
nce
PN
S
N
Il

The fact (m) follows from (1) and (j) as can be seen thus: Put B, = A, n > 1.
Then {B,} is increasing so that, by (/),

P(B,) — P ( OL_jl Bn)

and hence 1 — P(A,) > 1 — P (ﬂ;’lozlAn) by (j) and de Morgan’s law.
We note that if A,, € AVn > 1, then

P(OleAn) —0 P(A,) =0V > 1: and
n—=

o0
P(DIAH):1©P(An):1Vnzl.

n=

Indicator Functions

There is a very nice, elegant, and useful duality between sets and functions in the
context of an abstract set, which emphasizes their algebraic properties.

Let A C Q. By the indicator function, /4, of A, we shall mean a function from

€ into {0, 1} such that
lifw e A;

law) = {Oifa) ¢ A

Many useful properties of indicator functions are known. We mention the follow-
ing one only: If T # @, then with A = User A and B = Nier A¢

Iy =suply,, Ip =inf I4,.
teT teT



4 1 Introductory Chapter
In a probability space (€2, A, P), for a subset A of 2 one has
14is a random variable < A is an event.

At this stage it is recommended that the reader should go through Sects. 15, 16,
20, and 21 of Billingsley (1995).

Lemma 1.1.1 Let X be a non-negative random variable.

(a) (The Expectation Identity) If > °°, P(X =n) = 1, then
o
E(X) =Y P(X =n).
n=1

In general,

E(X]) =D P(X =n),

n=1

where [ X] is the integer part of X.

(b) (The Expectation Inequality)

D PX=m<EX) <1+ PX=n).

n=1 n=1

o0
In particular; E(|X|) < 00 <> »_ P(|X| = n) < oc.

Proof (a) Note that .
E(X) = in P(X=n)= i( S I)P(X =n)
n=1 n=1 \i=l1
:iip(x =n) :ip(x > i),
i=1 n=i i=1

and - -

E(X) =Y P(XI=n) => P(X=n).

n=1 n=1

(b) This is immediate, since [X] < X < 1 + [X]. O
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Lemma 1.1.2 The events Ay, ..., A, (n > 2) are independent iff

P (Ql Bi) = E P(B;)

for all choices of the B; such that B; = A; or A{ for 1 <i < n.

Lemma 1.1.3 A random variable X is degenerate iff for each real x, P(X < x) is
Oorl.

1.2 Lim Sup and Lim Inf of a Sequence of Sets

We shall introduce the important notions of “lim sup” and “lim inf” of a sequence
of subsets of an abstract set 2. This involves set-theoretic operations only, although
we shall use these notions in various contexts freely.

Let €2 be an abstract set.

Definition 1.2.1 Let {A,},>1 be a sequence of subsets of the set 2.

(a) We define limsup, , A, = N7, Us” Ay

(b) We define liminf, 0 A, = U2, N> Ay

(c) We say that lim,,_, oA, exists if lim sup,,_, . A, = liminf,_, «A,; in this case
we write lim, oA, = limsup,,_, ., A,.

When there is no chance of confusion, we replace
limsup A,, liminf A,and lim A,
n—00 n—00 n—00

by, respectively,
lim sup A, liminf A,andlim A,,.

We shall often write A,, — A in case lim,_.~ A, = A.

To bring the analogy with the “lim sup” and “lim inf” of real sequences, recall
that

lim sup a, = inf sup a,,, liminf a, = sup inf a,,.
n>1m>n n>1mzn

(We shall be concerned below with only bounded sequences {a, },>1.)
The relationship between the above definitions is given below:

Dimsup A, = limsup 14, liminf 4, = liminf 74,,.

and
An—>A<=>IAn—>IA.
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Furthermore, if {A,},> is increasing, then

limsup A, = liminf A, = OLj An,
1

n=

while if {A,},>1 is decreasing, then

limsup A, =liminf A, = or% Ay
1

n=

In general,
o o
U Ay, | limsupA,, N Ay fliminf A,. (%)
m=n m=n

By de Morgan’s laws, it is obvious that
(liminf A,)¢ = limsup Aj,, (lim sup A,)¢ = lim inf AJ,.

Thus, in a sense, one of the two notions suffices.
Finally, note that

(A) w €limsup A,
< for each n > 1, there is an integer m > n such that w € A,,
& w € A, for infinitely many values of n;
(B) w € liminf A,
& there is an integer n > 1 such that w € A, Vm > n
& w € A, for all sufficiently large n (or, simply, w € A, eventually).

Incidentally, the above alternative descriptions of lim sup A, and lim inf A,, show
that

(C) these two sets are free from any particular enumeration of the sets A, as a
sequence;

(D) these two sets remain unaffected, even if we change the sets A,, for only finitely
many values of n;

(E) liminf A,, C limsup A,; and

(F) ifn1 <ny < ---, thenlim sup A,, C limsup A,,.

In the language of probability,

limsup A, = [A,i.0.(n)] = [A, i.0.] if there is no confusion;

i.0.

infinitely often;

liminf A, = [A, eventually (n)] = [A,, eventually ] if there is no confusion.

If now there is a o-field A of subsets of Q, and A,, € A Vn > 1, then lim sup
Ap € Aandliminf A, € A(and A, > A = A € A).
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Lemma 1.2.1 Let (2, A, P) be a probability space, and A, € AVn > 1. Then
(a)

P(liminf A,) < liminf P(A,) <limsup P(A,) < P(limsup A,); (1.2.1)
in particular, A, - A = P(A,) - P(A;)(andP(A,AA) — 0); (1.2.2)
also, P(limsupA,) =0= P(A,) — 0;and (1.2.3)
liminf P(A,) =0 = P(liminf A,) = 0; (1.2.4)
(b) if A e A

P((limsup A,) N AY) =0= P(A, NA°) = 0,
P((liminf A,)°NA) =0= P(A; NA) — 0, (1.2.5)
(thus (1.2.5) is an extension of (1.2.2));
(c) P(A,) =38 >0Vn=>1wheres is free fromn = limsup A, # 0,
(d) P(limsup A,) =lim P (U3, An), P(liminf A,) = lim,— oo P (N3, Am) -

m=n

Proof (a) This follows from earlier results (see (x) of p. 6 and (m) of Sect. 1.1) in
the following way:

m=n

P(limsup A,) = lim P ( oLj Am) > limsup P(Ay).
n—oQ

Also,

P(liminf A,) =1 — P(lim sup A¢)

IA

1 — lim sup P(A{) by what has been proved
= liminf P(A,).

The remaining parts of (a) are now easy to prove.
(b) Note that

0 = P((limsup A,) N A°) = P(limsup(A, N A9))

and hence P(A,NA‘) — Oby (1.2.2). Now replacing A, by A, foreachn > 1
and A by A¢, we get

P((limsup A;)) NA) =0= P(A; N A) — 0.

We now get (1.2.5).
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(c¢) This is immediate since
P(limsup A,) > limsup P(A,) > § > 0.
(d) It follows from (1) and (m) of Sect. 1.1; see the proof of (a). U
We next state a few facts for later uses:

A,CB,¥Yn > 1= limsup A,, C limsup By, liminf A,,C liminf B,, (1.2.6)
(limsup A,) U (limsup By,) = limsup(A, U B,), (1.2.7)

(liminf A,) N (lim inf B,) = liminf(A, N B,), (1.2.8)

(limsup A,) N (lim sup B,;) D lim sup(A, N By), (1.2.9)

(liminf A,) U (liminf B,) C liminf(A, U B,),  (1.2.10)

(The two inclusions may be strict.)

A,—> A, B, — B= A,UB, - AUB,A,NB, — AN B. (1.2.11)

Lemma 1.2.2 The following is true for any sequence of sets {A,}n>1.

(limsup A,) N (lim sup Ay) = lim sup(A, N A )
= lim sup(A{, N Ap41).

Proof In view of (1.2.6), it suffices to show that

(limsup A,,) N (limsup A;) C limsup(A, N A} ), (1.2.12)

(lim sup A,) N (lim sup A¢) C limsup(Aj, N A,41). (1.2.13)

The inclusion in (1.2.13) follows from that of (1.2.12) by replacing A, by A{, for
eachn > 1. It remains to prove (1.2.12). To this end, let @ € LHS of (1.2.12). Fix an
integer n > 1. There is an integer m > n and that w € A, (as w € limsup;_, . A;).

Put
k=inf{j >m:w € Aj}.

As o € limsup;_,  AY, there is an integer j > m + 1 such that w € A?; thus k
is finite and k > m + 1 > 2. Now observe that

w € A]imAk—l,

by considering the following two cases:
Casel k=m+1.
Thenw € A}y N Ay = Ay N A1
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Case2 k>m+2.
Thenk —1>m+ 1sothatw ¢ A7 ;. Thusw € A} N Ag_y.
Ask>m+1>n+1>n, we must have w € RHS of (1.2.12).

Example 1.2.1 Show that if P(liminf A,) = P(limsup B,) = 1, then
P(lim sup(A, N By)) = 1.
Solution: As P((liminf A,) N (limsup B,)) = 1, it suffices to show that
(liminf A,) N (lim sup B,) C limsup(A, N By). (1.2.14)

Butif w is in the left side, then there is an integer k > 1 such thatw € A, Vn > k,
and w € B, forn = ny,ny,... where ny < np < --- Thus w € A, N B, for
n=mnj,njyi,... where j > l1is such thatn; > k.

Example 1.2.2 Let {A,},>1 and {B,},>1 be two sequences of events such that there
is an integer m > 1 satisfying A, is independent of {B,,, B,,+1, ...} ¥ n > m. Show
that

P(limsup(A, N By)) > liminf P(A,)P(limsup B,).

Solution: Fix an integer n > m. Note that for each i > 1,

00 n+i
P(U (AkﬂBk)) ZP(U (AkﬂBk))
k=n k=n
n+i—1 .
n—+i
= > P(ANBYN N (A;NB)))
= J=k+1

+ P(Apyi N Byyi)

by a standard disjointificaion of the sets (A,+; N Bu+i), ..., (An N By); see, e.g.,
the proof of Boole’s inequality in p. 2.
Thus foreachi > 1,

\Y

00 ntil n—+i c

P{U@NBY)= D P(ANB)N N BS)+ P(Auyi N Buyi)

k=n e Jj=k+1

ntil n+i

> P(AP (Bk non Bj-) + P(Anti) P(Bysi)
J:

k=n

n+i—1

inf P(A E P\ B " B¢)+ P(B
> . :
_lirzln (Agp) k kg1 (Bpu+i)

k=n

n+i
— inf P(A;)P ( U Bk) .
k>n k=n
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Letting i — oo, we get

o o0
P ( U (A N Bk)) > inf P(Ax)P ( U Bk)
k=n k>n k=n
> linf P(Ap)P (limsup B,).
>n
Now letting n — oo, we get the desired result.
The above example is closely related to a result of Feller and Chung; see, in this
connection, pp. 69—70 of Chow and Teicher (1997).

To illustrate how the use of “lim sup” and “lim inf”” makes complicated statements

very transparent, we first recall the following well-known definitions.
Let each X,, and X be random variables defined on (2, A, P).

Definition 1.2.2 We say that {X,,},,~1 converges almost surely to X, written X,, —
X a.s. [P], if there is an event A € A such that P(A) = 1 and

ACI[X, = X].

Since each of the X,, and X are measurable functions, the set [X,, — X] lies in
A (see (1.2.16) on p. 11 below); thus

X, —> Xas. [Pl & PX,— X)=1.

Definition 1.2.3 We say that {X,},>1 converges in probability to X, written
X, —»F X, if foreache > 0

P(X,—X|>¢) — 0. (1.2.15)
Let 0 < § < o0; then
X, —>PX<:>P(|X,,—X| >¢e)—>0V0<e <.

In other words, in (1.2.15) one may require € to be sufficiently small.
At this stage, it is instructive to supply the details of the following examples.

Example 1.2.3 Let {X,},>1 satisfy
P(X,|>x)<P(Y|>x)Vx>0,n>1

and E(|Y|?) < oo for some p > 0. If Y, = max(|Xy],...,|X,|) forn > 1, then
show that n=1/7y, —% 0.

Example 1.2.4 Assume that for each i = 1,2,...,{Xy;,..., Xy, ;} be indepen-
dent. Show that
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max. Xkl =T 0iff ZIP(|Xjk| >¢€)—>0Ve>O0.
J
Lemma 1.2.3 Let X,, — X a.s.[P]. Then
(a) P(1X, — X| > €io0.)=0foreache > 0;
(b) X, —>" X.

Proof (a) Lete > 0,andputA, =[|X,—X|>¢€],n > 1.ThenA, € AVn >1,
and obviously
limsup A, C [X, A~ X].

As X,, - X a.s. [P], P(X, / X) = 0sothat P(limsupA,) =0.
(b) Let e > 0, and define A, as above. Then P(limsup A,) = 0 by (a), and so
P(A,) — 0by (1.2.3). This means that X, —° X. O

Theorem 1.2.1 Let€,, — 0+ as m — 0. Then the following are equivalent:

(a) X, — X a.s. [P].

(b) P(|X, — X|>¢€i.0)=0Ve >0.0r, P(|X, — X| > €i.0)=0Ve >0.
(c) P(1 X, — X| > €, io.(n))=0YVm > 1.

(d) P(ﬁoo L U f,ik[|Xn—X|§€m])=l.

Proof Ttis clear that (a) and (d) are equivalent, since
ap, —> aasn — 0o
iff for each m > 1, there exists an integer k > 1 such that
lan —al < €, Vn=>k,

which implies that

0o 00 00
X, = X]l=nNn U N I[Xy—X|<enl. (1.2.16)

m=1 k=1 n=k

[Note that (1.2.16) is true for any sequence of functions from €2 into R.]

(a) = (b): See Lemma 1.2.3 (a).
(b) = (c): Trivially true.
(¢) = ):LetA,, =[|X, — X| > ¢y i.o(n)],m>1.Then

P(A;) =0V m > 1by (c). Hence P (Ufﬂoz1 Am) =0; i.e.,

[ee) . o o0 m
1=P(m A;,,)zp(m 5 m[lX,,—X|§em])~ O

m=1 m=1 k=1 n=k
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There is an analogue of (1.2.16) for “the Cauchy condition” for {X,},>1: Let
{Xn}n>1 be any sequence of funcions from €2 into R. Then

. o o0 o0
[{X,}isCauchy]= N U N [|X, — Xkl < €l
m=1 n=1 k=n+1

o o0 o0
=N U N [ max | X, — X;| < enl
m=1 n=1 k=n+1 n<i<k

where €,, — 0+ is a fixed real sequence. Now assume, furthermore, that ¢, | 0,
and the X,, are measurable; then

P({X,}is Cauchy ) = mlem P (nOL_j1 k_cﬁrl[an — Xkl < ém])

= lim lim lim P | max |Xn—X,-|§6m).

m—>00 n—>00 k— 00 n<i<k

These facts are straightforward to verify. Since for a real sequence {a,},>1, it is
known that lim a,, exists and is finite < {a,} is Cauchy, we have

3X such that X;,, — Xa.s. & P({X,}is Cauchy) = 1.

[We have thus obtained a criterion for the a.s. convergence of {X,} in terms
of the finite dimensional distributions of { X }.]
We conclude this section with some applications of the above results.

Example 1.2.5 Let X,, — X a.s. and the distribution of (X1, ..., X;) be identical
with that of (Y1, ..., Y,) for each n > 1 (the Y, are defined possibly on a second
probability space). Show that 3 a random variable Y such that ¥,, — Y a.s. and

x<Ly.
Solution: As observed earlier,

1
Xy, — Xas. < lim lim  lim P(max |Xn—X,-|§—):1.
m

m—>00 n—>00 k—00 n<i<k

As the distributions of (X1, ..., Xy) and (Y1, ..., Y;) are same, so are those
of (X,,...,Xy)and (Yy,,...,Yr) where 1 < n < k < oo. Therefore, for each
l<n<k<oocandm >1

1 1
P(max [ X, — Xi| < —) :P(max 1Y, = Y| < —).
m m

n<i<k n<i<k

This implies

lim lim lim P (m_ax Y, = Y| < 1/m) =1

m—>00 n—>00 k—00 n<i<k

i.e., 4 arandom variable Y such that ¥,, — Y a.s.
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Example 1.2.6 (Shuster (1970)) If {A,,},,>1 is such that

P(A)>0:>ZP(AnﬁA)=oo,

n=1

then P(limsup A,) = 1.
[Note that {A,},>1 need not be independent; compare with the second Borel—
Cantelli lemma (of the next section) where the independence of the A, is needed.]

Solution: It suffices to show that
o
P( U Ak)zl\v’mzl. (1.2.17)
k=m

Suppose this is false. Then 3 an integer m > 2 such that P (U,‘zimAk) < 1. Put
A =N Af. Then P(A) > 0, but

00 m—1
ZP(AnmA):ZP(AnmA)<oo.
n=1 n=1

This contradicts the given condition.

Remark 1.2.1 Let Y P(A,) = oo and suppose that for each event B

lim inf Z(P(Ai N B) — P(A;)P(B)) # —oc.

i=1

Then P (lim sup A,) = 1. This is immediate from Example 1.2.6, since one has with
dn = 25{_{(P(A; N B) — P(A;)P(B))

n n
P(B) > 0= Z P(A;NB) = (z P(Ai)) P(B) +d, — .
i=1 i=1
Example 1.2.7 Let{A,},>1 be asequence of independent events such that P(A,) <
1V n > 1. Show that

P(limsup A,) = 1 & P(°J A,,) —1.

Solution: We shall show the implicaion <. So let P (Ufloz1 An) = 1. Itis enough to
show (1.2.17). The result is true for m = 1. Let it be true for m(> 1). We now show
that P (U2, .1 An) = 1.

n=m+1°°1
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To this end, note that

00 . m-+k
1=P(U A,,):hmP( An)
n=m k— 00 n=m
. m+-k m+-k
= lim |PA)+P| U A,)-PAnP( U A,
k—00 n=m+1 n=m+1

by the independence {A,,, An+1, - - ., Am+k}. Thus

00 00
l:P(Am)-i-P( U A,,)—P(Am)P( U A,,)
n=m-+1 n=m+1

or,

(1= P(A,)) (1 - P ( o] A,,)) —0.
n=m+1

As P(A,;) < 1, we must have P (U°° A ) =1.

n=m+1°°1

Example 1.2.8 (a) Suppose that whenever r < s,
P(X, <rio]lN[X, >si.o.]) =0.

Then P (lim X,, exists in R) = 1.
(b) Suppose that for some r < s,

P(X, <rio)=1, P(X, >sio.)=1.

Then P (lim X,, exists in R) =0.
Solution:

(a) Let Q be the set of all rationals. For r < s, let
Nys =X, <rio]N[X, > si.o.]
Observe now that P (U,,SEQ Nr,s) = 0 by the given condition, and that

[liminf X, <limsupX,] C U N,;.

r,s€Q
(b) It suffices to observe that the given conditions imply that
P(liminf X,, <r) =1, P(limsup X, > s) = 1,
and that

[liminf X, < limsup X,,] C [liminf X, <r < s <limsup X,].
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1.3 The Borel-Cantelli Lemma

We now turn to the celebrated Borel-Cantelli lemma, the central theme of this mono-
graph. We first introduce a useful definition: by an event A in a probability space
(2, A, P), we mean that A € A.

Theorem 1.3.1 (The Borel-Cantelli Lemma). Let (2, A, P) be a probability space,
and {A,}u>1 a sequence of events.

(a) If D02, P(Ay) converges, then P(limsup A,) = 0.
(b) If the events A, are independent and oo | P(Ay) diverges (i.e., > oo P(Ap)
= 00), then P(limsup A,) = 1.

Proof (a) First, note that limsup A, C U’?f:kAm VY k > 1. Thus for each integer
k Z 1’

~ 00
P(limsup A,) < P( U Am) <> P(An) (1.3.1)
m=k ik

by Boole’s inequality. As > o> | P(A,) converges, the tails > >, P(A,;) — 0
as k — oo. Letting k — oo in (1.3.1), we get the desired result.
(b) We show that P((limsup A,)¢) = 0. But by definition,

(imsupA,)° = U N AS,

n=1m=n

(use the de Morgan laws). It, therefore, suffices to show that for eachn > 1,

0
P( N Aﬁn) =0. (1.3.2)
m=n
Fix such an n > 1. Since 1 + x < exp(x) for each real x, we have for each
j 2 17
P ac)<p("™ a
mr;n mj = m=n_ ™M
n+j
= H (1 — P(A;)) by the independence of A, ..., Ay
m=n
n+j
<exp|— D P(An)
m=n
(Note that A, ..., A,y ; are independent and use Lemma 1.1.2.) As ZZ‘;I

P(A,) diverges, > P(A,) = 0o so that Z:’n"’:’n P(Ay) — ocoas j — oo.
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Since limy_, o exp(—x) = 0, we get (1.3.2) by letting j — oo in the above
inequality. O

The parts (a) and (b) together are known as the Borel-Cantelli lemma, in short
BCL, the former the “convergence part” and the latter “the divergence part”. However,
it will be convenient to refer to (a) as the the first Borel-Cantelli lemma while to
refer to the nontrivial part (b) as the second Borel-Cantelli lemma.

These two results are obtained by Borel (1909, 1912) and Cantelli (1917); see
the historical remark at the end of this section. The two Borel-Cantelli lemmas
are very useful, indeed often unavoidable, for deducing results about almost sure
convergences (the so-called strong limit theorems); in particular, these lemmas are
needed crucially in establishing the strong laws of large numbers and the laws of
iterated logarithms. The first one is more widely applicable since the events there
may be completely arbitrary; note that it is valid for any measure space—indeed,
it holds for an arbitrary outer measure, since only the countable subadditivitiy and
monotonicity of the set function P were used in the proof of (a) above; see p. 165 of
Billingsley (1995), for the relevant definitions.

Remark 1.3.1 The first Borel-Cantelli lemma is a special case of the Monotone
Convergence Theorem of measure theory applied to the series of nonnegative terms
(see, e.g., Theorem 16.6 of Billingsley (1995)): By the given condition,

E(Z IA,,) =D E(a) =D P(Ay) < o
n=1 n=1 n=1

s0 P (352 14, = 00) = 0. But obviously

(0.¢]
[Z Ip, = oo] = limsup A,,. (1.3.3)

n=1

Indeed, we have shown thatif X;, > OV n > 1, and 220:1 E(X;,) < oo, then
>, X, converges with probability one (see Problem 22.3 on p. 294 of Billingsley
(1995)).

Remark 1.3.2 The converse of the first Borel-Cantelli lemma would run as fol-
lows: If P(limsup A,) = 0, then ), P(A,) converges; but this is equivalent to
the assertion that if Z;O:1 P(A,) = oo, then P(limsupA,) > 0. The second
Borel-Cantelli lemma shows that, under the additional assumption of the inde-
pendence of the events A, one has P(limsup A,) = 1; in this sense, the sec-
ond Borel-Cantelli lemma is often regarded as a partial converse of the first
Borel-Cantelli lemma. However, the converse of the first Borel-Cantelli lemma
is false as is easily seen from the example: Let @ = (0, 1), P be the uniform
distribution on 2, A, = (0,1/n) Vn > 1; then A, | @ so that limsup A, = ¢,
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although D" P(A,) = >_ 1/n = oo. It should be clear from this example, by taking
A, = (¢, c+1/n) ¥V n > m where m is a fixed integer > 1/(1 —¢), thatif > P(A,)
diverges then P(limsupA,) can be any number in [0,1]; it follows from this ob-
servation that the second Borel-Cantelli lemma is false without the assumption of
independence (this is also immediate from the example that if 0 < P(A) < 1 and
Ap = AVn > 1, then limsupA, = A and > P(A,) = oo; the reader may con-
struct other nontrivial examples; see, e.g., Exercise 11 of Chung (2001, p. 82)). A
clear picture about the converse of the first Borel-Cantelli lemma can be obtained
from the arguments of Remark 1.3.1: Let N = Z;’O:l I4,; then P(N < o0) =1
need not imply E(N) < oo—there are plenty of such random variables N (e.g.,
define a random variable N by P(N =n) = cn~2Vn > 1 where ¢ is a suitable pos-
itive real such that ZZO: 1 P(N =n) =1, and note that E(N) = oo and, finally, let
A, =[N >n]Vn>1sothat A, | and limsup A, = ﬂ;’lozlAn =[N = o0] =0,
while 220:1 P(A,) = E(N) = o0; see Lemma 1.1.1(a)).

Remark 1.3.3 The first Borel-Cantelli lemma is false under the sole (and weaker)
assumption that P(A,) — 0. To see this, let 2 = [0, 1] and P be the uniform
distribution on €2; let

n—2k1 py 121
An = k-1 ok—1

:| if 2k—1 <n< 2% for some k >1;

ie., Ay = [0,1], A» = [0, 1/2], A3 = [1/2,1], Ay = [0, 1/4], A5 = [1/4,1/2],
Aeg = [1/2,3/4], A7 = [3/4,1], and so on. Then it is easy to verify that
P(A,) — 0 and limsup A, = Q. The reader may also verify that given any
¢ € [0, 1], there exists a sequence {A,},>1 of events such that P(A,) — 0 but
P(limsupA,) =c.

Remark 1.3.4 The second Borel-Cantelli lemma is a consequence of the Kol-
mogorov strong law of large numbers (SLLN) for a sequence of independent random
variables (see, e.g., Theorem II A, p. 250 of Loeve (1977)). For, if we set

n
Ny=D I, n>1
i=1

so that E(N,) = Zle P(A;) — oo, then, using Lemma 15 on p. 278 of Petrov
(1975a), or otherwise directly,

o0 00 n -2
> var(Ia,)(E(N,) 2 < D P(An)(z P(A») < o0

n=1 n=1 i=1

and hence (N, — E(N,))/E(N,) — 0 a.s., ie., N,/E(N,) — 1 a.s. But then
N,, — oo with probability 1 since E(N,) — oo; i.e., P(limsupA,) = 1. (See
(4.1.2) of Chap.4, p. 85 for details.)
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Historical Remarks

Nash (1954) stated the following remark. See, also, the first paragraph on p. 173
of Moéri and Székeley (1983).

Let P(A,llay, ..., 14, ;) denote the conditional probability of A,, given the
outcomes of the previous (n — 1) trials. When n = 1, the expression is P(Aj). The
1912 Borel criterion stated:

If0 < p, < P(Anlla,,.... 14, ) < p) < 1for every n, whatever be Ay, ..., A,_1,
then 3°; p7 < oo implies that P(limsupA,) = 0, and 3°; p’/ = oo implies that
P(limsup A,) = 1. !

Cantelli proved that >_ j P(Aj) < oo always implies that P(limsup A,) = 0.

Chung and Erdos (1952) remarked the following.

As Borel already noticed (Borel (1926), p. 48 ff), the assumption of independence
in the second Borel-Cantelli lemma can be removed if we assume that

ZP(AHAg N---NAS_)) = oo.
k

- -+ Although Borel used this condition successfully in his pioneering work on the
metric theory of continued fractions, it is too stringent for many purposes.

The Second Borel-Cantelli Lemma and Subsequences

We conclude this section with one more trivial, but useful, result. In case one
wishes to show P(limsup A,) = 1 where the whole sequence Aj, Ay, ... is not
independent, it is sometimes possible to get a suitable subsequence of these events
which is independent. The following theorem can then be applied; see Examples
1.6.7 and 1.6.8. See Fact (F) on p. 6.

Theorem 1.3.2 Let {A,},>1 be a sequence of events. Suppose there exists a subse-
quence of natural numbers, say, ny < ny < --- , suchthat {A,, }x>1 are independent

and )", P(Ay,) = 0o. Then

P(limsup A,) = 1.

1.4 Some Basic Inequalities

In this section, we collect some probability inequalities which will be used later. Fix
a probability space (2, A, P).

Lemma 1.4.1 (Markov’s inequality) If X > 0 and a > 0, then P(X > a) <
E(X)/a. A better inequality is

a P(X>a)< / XdP

[X=a]
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which is valid for any X and any real a. In fact, one has

AcAand A C[X >a]l = aP(A)s/ XdP,
A

sincethena I, < X Iy4.

Example 1.4.1 Let A, € AV n > 1, and B, be the event that at least m of these
events occur (m = 1,2, ...). Then

P(Byn) <m™' D" P(Ay).

n=1
(If m = 1, one gets Boole’s inequality).

Solution: Note that B,, = [N > m] where N = Zf;] 14,. By Markov’s
inequality,

P(By)=P(N=m) <m™ ' E(N)=m~">" P(A,)

n=1

by the Monotone Convergence Theorem (see, e.g., Theorem 16.6 of Billingsley
(1995)). Note that E(N) may be oo in this example.

Some equivalent forms of Markov’s inequality are noted below.

First Alternative Form: If a > 0 and b is real, then for a > 0

P(|X —b|>a) < E(IX —b|")/d" foranyr > 0.

(This is known as the Chebyshev—Markov inequality.)
Second Alternative Form: If g : [0,00) — [0, 00) is a function such that
g(a) > 0 fora > 0, and g is nondecreasing, then for a > 0

P(IX| =z a) = E(9(1X1))/g(a).

The last inequality has an important companion, known as the Elementary
Kolmogorov inequality, namely,

Ifg : [0, 00) — [0, 00) is nondecreasing and P(g(|1X|) < M) = 1 where M > 0,
then P(|X| > a) = (E(g(IX])) — g(a))/M,a = 0.

For

E(9(XD) = E(g(X]) : 1X| > @) + E(g(1X]) : IX| < a)
< M P(X| > a) + g(a).
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Here
E@@(X]) : |X|>a)= / g(|X]dP, etc.
[1X]>a]

(In general, we shall replace the usual notation E(X14) by E(X : A).) As an
application of this inequality, we mention the following:

| X" a 1+a" x|
E - < P(X|>a) < E forr,a > 0.
1+1xr) 1+a ar 1+ (X[

(Take g(x) = x" /(1+x") for x > 0.) From this, we get the following well-known
result:

|Xn — X|"

X, »Ff XS E|————
" (1+|xn—xv

) — 0 forsome r > 0 (or, all » > 0).
For generalizations of Markov’s inequality, see Eisenberg and Ghosh (2001).
Chebyshev’s inequality
We now turn to the Chebyshev inequality which is, in fact, the special case of the

First Alternative Form of Markov’s inequality when r = 2 and b = E(X) provided

E(|X]) < oo. [Often the special case of the First Alternative Form when r = 2 is

referred to as the Extended Chebyshev inequality.]

Lemma 1.4.2 (Chebyshev’s inequality) If E(|X]|) < oo, E(X) = p and var(X) =
o2 then for any a > 0
P(X — pl > a) < o?/a’.

(A better inequality is a®> P(|1X — | > a) < E(X — )% 1 |X — u| > a).)

Holder’s and Minkowski’s inequalities

Below we put || X[, = (E(1X|"))!/? for p # 0.

‘We begin with a special case of Jensen’s inequality. For this we recall the following
definition.

Definition 1.4.1 Let X : Q@ — [0, 00) be a random variable on (2, A, P).
(a) G is called the GM (geometric mean) of X if

log G = E(log X)

provided the right-hand side exists and is finite.
(b) H is called the HM (harmonic mean) of X if

e

provided the right-hand side is finite.
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Theorem 1.4.1 Let X : Q2 — [a, b] be a random variable where —00 < a < b <
oo (If a = —o0, the interval is open at a; similarly, when b = +00).

(a) (A special case of Jensen’s inequality) If G : [a, b] — R is such that G" (x) >
0V x € (a,b) and G'(x) is continuous on [a, b], and E(|X|) < oo, then
E(G(X)) exists and

E(G(X)) = G(E(X)).

(b) Let E(]X]) < 00,a = —o0 and b = +o00. Then

E(exp(X)) > exp(E(X)).

In particular,

o o0
exp(inpi) < D piexp(xi) (14.1)
i=1 i=1

where p; > 0V i > 1,22, p;i =1, the x; are distinct and > ;2 | |xi|p; < 00.
Proof (a) By Taylor’s theorem
1
G(u) = Gup) + (= u0)G'(uo) + 5 —u0)*G"(§),a < u < b,a <up < b,
for some & € (a, b). As the third term on the right side is > 0, we must have
G@w) > G(uo) + (u —ug)G'(ug) fora <u <b,a <ug <b.
Now take u = X (w) where w € Q2 and up = E(X) which is finite.
We consider the case where a < E(X) < b; the other cases are easy to deal
with. Then
G(X(w)) > G(E(X)) + (X(w) — EX)G (up) Yw € Q.
The expectation of the right-hand side is G(E (X)) which is finite. So E(G (X))
exists (see Theorem 1.5.9 (b), p. 42, of Ash and Doléans-Dade (2000)), and we

have E(G(X)) > G(E(X)).
(b) follows from (a). [l

It is an easy exercise to deduce the following inequality which is valid for X > 0.
HM.<GM.< AM.provided E(log X) is finite.

In(1.4.1),take x; = loga; fori = 1,...,mand p; = 0Vi > m+ 1 and conclude
that
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m
[ e =D  piai. provided 0 < a; < 00, p;i = 0. > pi = 1. (1.4.2)

i=1 i=1

This is the discrete version of the so-called AM-GM inequality. From this, it
follows that

m.p
a; 1
alaz...amSZ?ifaiZO,pi>l and Z;:l. (1.4.3)
i=1 ! !

An alternative way to deduce (1.4.3) is to observe that exp(x) is convex on R and so

m
1 .
aLay...am = exp(zflogaf’)

i=1
m m
< > (1/p)expllogal’y = > al"/pi.
i=1 i=1
‘We next show that

a? b1
p q

To this end, we can assume that a > 0, b > 0. By Taylor’s theorem,
"=14+m@—1)+m@m — 1)& fort >0

where £ is a suitable positive real. f m > 1 or m < 0, then m(m — 1)§ > 0 so that
t" >mt+ (1 —m)fort >0,m>1orm <0.Nowtaket =a’b™%,m = 1/p to
deduce
ab~1/P > lapb—q + l
q
Multiplying both sides by #7 > 0 we get the desired inequality.

Theorem 1.4.2 (a) (Holder’s inequality) If p > 1 and % + é =1, then
XY < IX1plY]lg-
The inequality is reversed if p < 1, p #0and q = p/(p —1). [If p = q = 2,

then Holder’s inequality is known as Cauchy-Schwarz’s inequality.]
More generally, if p; > 1fori =1,...,mand % =1, then

m m
T xin < Tl
i=1 i=1



1.4 Some Basic Inequalities 23

An equivalent form of the last inequality is

m m
E(H|X,-|9i) <[[EWxiN" ifo <6 <1Viand D 6; =1.
i=1

i=1

(b) (Minkowski’s inequality) If p > 1, then
X+ Y, < [IXIlp +11Y1lp-

The inequality is reversed if 0 < p < 1.

For the proofs of (a) and (b) above, see Rudin (1987) and Royden (1988); see,
also, Rubel (1964). For some extensions, see Petrov (1995).
‘We next note that

E(XI?) = (E(IX])? for p =1, (1.4.4)

the inequality sign being reversed if p < 1 and p # 0. To see this, apply Theorem
1.4.2 (a) with Y = 1; an alternative way is to consider the function G (x) = x? for
x > 0 and use Theorem 1.4.1 (a). The inequality (1.4.4) implies that

E(XIP)/(E(X)P1V=P) < 1if0 < E(|X|) <ocoand p > 0, p # 1, (1.4.5)

the inequality being reversed if p < 0.
From (1.4.4), one can deduce the Liapounov inequality:

X1 < 1IX]lsif 0 <r <. (1.4.6)

To see this, put p = s/r > 1, and apply (1.4.4) with | X| replaced by |X|". For
some refinements of (1.4.6), see Petrov (1975b, 2007a,b) and Arnold (1978).
The following example is important in the large deviation theory.

Example 1.4.2 Let M(t) = E(exp(tX)) be the moment generating function of X.
Then M (¢) is convex and log-convex.

Solution: That M (z) is a convex function follows from the convexity of the expo-
nential function. Next, if 0 < 6 < 1,

M@0 +u(l—0))

_ / exp(t6X + u(l — )X)dP

0 1-6
< (/ exp(tX)dP) (/ exp(uX)dP) by Holder’s inequality
= (M@)" (M)’
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Hence M (t) is log-convex.
Theorem 1.4.3 (a) If P(X =0) < 1 and E(X) is finite, then
P(X #0) = (E(IX))*/E(X),
P(X #0) = (E(X)?/E(X|PHYP™D forp #£1, p #0.

(This generalizes the Schwarz inequality, namely, E(|X|) </ E(X?).)
(b) (Paley and Zygmund (1932)) If b < E(X), E(X) is finite and P(X =0) < 1,

P(X > b) > (E(X) — b)?/E(X?).

(¢) Let S =27, Xi, E(X;) be finite for each i and P(S = 0) < 1. Then

n 2
P(ULX; #0]) > (Z E(Xi)) JE(S%).

i=1

(d) (Chung and Erdos (1952)) If P(A{ N --- N A5) < 1, then

P (iL:'S] Ai) = (; P(Ai))/z > P@AINA).

i=1 j=1

(e) (Weighted Chung-Erdos inequality; Feng et al. (2009)). Let Ay, ..., A, be
events and wi, . .., w, real weights. If P (Z?:l wily; = 0) < 1, then

n 2 n n
P(inAi) E(ig;wiP(Ai)) /z Zwiij(A,-ﬂAj).

i=1 j=I

Proof (a) Note that E(|X|) = E(|X|I{xx0)). Now apply Holder’s inequality.
(b) We have

O0<EX)—-b<EX)—EX:X<b)= E(XI[X>b])
< (E(X)HP(X > b)'/?

by Cauchy-Schwarz’s inequality.
(c) Note that [S # 0] C U?_,[X; # 0].
(d) In(c),take X; = Ia, Vi.
(e) In(c), take X; = w;l4, Vi. O

For a generalization of the Chung-Erdos inequality, see Petrov (2007b) and
Dawson and Sankoft (1967).
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Lemma 1.4.1 (Chandra (1999)) Let c1, ¢ be non-negative reals, cz € R and satisfy

P(A;NAj)
< (1 PA) +c2P(Aj))P(Aj—) +c3P(A)P(A)) (1.4.7)

whenever 1 <i < j <n.Then

n S2
PlUA;)>
(i:l l) T stes?—ca3 > ((P(A))?
where s = > | P(A;) > 0and ¢ = c3 + 2(ci + ¢2).

Proof Ass > 0, P(AY) < 1 for some i, and so P(A{ N ---N Ay) < 1. By the
Chung-Erd6s inequality,

N ‘ ) n n | o | |
P(iglA,)zs/Z ZP(A,OA])_s/(H-z Z P(AiNA))).

i=1 j=1 1<i<j<n
Next,
Z P(AiNA))
1<i<j<n
< Z [(c1P(A;) +c2P(Aj))P(Aj—i) +c3P(A)P(A))]
1<i<j<n
n—1 n n j—1
=c1 D P(A) D P(Aj)+c2 ) P(A) D P(A;)
i=1 j=i+1 j=2 i=1
1 n
+ 503 (s2 - Z}“(P(Ai))z)
< (2 LS P(A))? O
< 5€3+(61+cz) s —5032( (A))~.

Erdos and Renyi (1959) consider the condition (1.4.7) with ¢; = ¢; = 0 and
c3 = 1. For other examples, see Kochen and Stone (1964, Examples 1 and 2) and
Lamperti (1963, p. 62). See, also, Examples 3.3.1 and 3.3.2.

Remark 1.4.1 1f (1.4.7) holds ¥n > 1and > o2, P(A,) = oo, then ¢ > 1. For,
2 AN 2 " 2 e .

Sp <2 2 P(AiNA)) < sp+ces,—c3 >0 (P(A;))” (by Schwarz’s inequality)

where s, = >1 P(A;) now divide by s2 and let n — o0.



26 1 Introductory Chapter

1.5 Applications of the BCL

In this section, we shall discuss some simple and basic applications of the two Borel—
Cantelli lemmas. The results discussed below are all well known.

Theorem 1.5.1 (a) Let €, — 04+ as m — oo. Then

o0
ZP(|XH—X| >€en)<ooVm>1=X, > Xaus.;

n=1

(b)) > P(Xn—X|>€)<ooVe>0= X, > Xa.s.;
(©) 2o E(1X,y — X|") <00 forsomer >0= X, — X a.s.;
(d) Lete, — 04+ asn — oo. Then

o
D PUXy—X|>e€) <00= X, > X as.;

n=1

o0
ZE(|X,1 — X" /e, < oo forsomer >0= X, - X a.s.;

n=1

(© If 252 P(Xn+1—Xnl > €) < 00 (afortiori, if 302 | E(1Xut1—Xal))/€], <
oo forr > 0) for some sequence {€,}n>1 of positive reals such that - | €, <
00, then there is a random variable X such that X,, — X a.s.;

(f) Converses of(a) and (d) are false.

Proof (a) By the first Borel-Canteli lemma,
P(X, —X|>¢€piom)=0Vm=>1.
Theorem 1.2.1 now implies that X,, — X a.s.

(b) 1is a special case of (a).
(c) By the Chebyshev—Markov inequality,

P(X,—X|>¢)<E(X,—X|")/e" Ve >N0.
Thus > >, P(|X, — X| > €) < oo Ve > 0 by the given condition. By (b), we

then have X,, — X a.s.
Alternative Proof: By the Monotone Convergence Theorem,

o0
P(Z|Xn—X|’<oo)=1

n=1
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(d)

(e)

®

see Remark 1.3.1. But

[Z X, — X|" < oo:| c[1X, - XI" > 0] =[X, > XI.

n=1

SoP(X, = X)=1.
In view of the first Borel-Cantelli lemma, P(|X,, — X| > €, i.0.) = 0. It is,
therefore, enough to show that

[X, /& X] C limsup[|X, — X| > €,].

To this end, let w lie outside the set on the right side. Then @ € liminf[|X,, —
X| < €,]. So 3 aninteger k > 1 such that | X, (w) — X(w)| <€, Yn > k;
letting n — oo, we get

limsup | X, (@) — X(w)| <0, ie., X,(0) > X(w).

n—o0

Put A, = [|Xn4+1 — Xu| > €,],n > 1. Then A, € AV n > 1. By the first
Borel-Cantelli lemma, P(A, i.0.) = 0, i.e., P(liminf AS) = 1. We argue
below that

liminf A{, C [lirrln X, exists and is finite ].

Let w € liminf A{,. Then 3 an integer k > 1 such that
|Xn+1(w) —Xy(@)| <e, Yn>k.

So, >0l 1Xn(@) — Xpg1(w)] < D02, €, < o0o. Hence the series > oo
| Xn+1(w) — X, (w)] converges; i.e.,

n—1
lim Z(X,-H(a)) — X;(w))exists and is finite.
n—oo

i=1

This is equivalent to saying that lim X, (w) exists and is finite.
n

Consider the example: Let X follow the uniform distribution on (0, 1). Put X, =
14, where A, =[(n—1)/n < X < 1],n > 1.Thenforanyw € (0, 1), w ¢ A,
for all sufficiently large n, and so X,,(w) — 0. Forany €, 0 < € < 1, one has
[IX,| > €] =[X, = 1] = A, which implies that

D PUXul>e) =D P(A) = n"' =00
n=1 n=1 n=1

Thus the converse of (b) (and hence that of (a)) is false.



28 1 Introductory Chapter

Consider again the above example: Let €, — 0+ . Then 3 an integer k > 1 such
thate, < 1/2V n > k. Consequently,

[|Xl’l| > En] = [Xn = 1] = An for n > k,

andso > 72 | P(|Xyn| > €,) = o00. O
Parts (a)—(c) of the above theorem are due to Cantelli.

Theorem 1.5.2 (a) If X, —© X, then there is a subsequence {ny};>1 of positive
integers such that X,, — X a.s.

() X, =T X iff given any subsequence {ny}x>1 of positive integers, there is a
further subsequence {ny,,} of {ny} such that X, — X a.s.

Proof (a) Letn; =1, and define {ny};>1 inductively such that
P(|Xy —X|>2" <2FvEk>2

To this end, suppose that n; < ny < --- < ng_ are defined with this property
for some k > 2. As X, »F X,

P(X,—X|>2% > 0asn - .

So there is an integer ny > ng—1 such that P(|X,, — X| > Z_k) < 2% Then
> PUX, — X| > 27Ky < o0. By Theorem 1.5.1 (d), X,,, — X a.s.
(b) °If’ Part:
Suppose, by way of contradiction, that { X, },> does not converge X in probability.
Then 3 an € > 0 such that P(]X,, — X| > €) does not tend to 0 as n — 00. So
38 > 0 such that

P(|X, — X| > €) > § for infinitely many values of n.
It is now easy to verify that there is a subsequence {n(k)}x>1 of positive integers
such that

P(|Xpp) — X| >€)>8Vk>1. (1.5.1)
By the given condition, there is a subsequence {n(k(m))}n>1 of {n(k)}i>1
such that X,y — X a.s. as m — oo. Hence X,ukumy —' X, and so

P(IX,k(m)) — X| > €) — 0asm — oo. Thus 3 an integer mo > 1 such that
P(Xnkm)) — X1 > €) <8V m=>my. (1.5.2)

But since {n(k(m))}n>1 is a subsequence of {n(k)}r>1, we get from (1.5.1) that

P( Xtk — X| >€)=6Vm > 1. (1.5.3)
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The statements (1.5.2) and (1.5.3) are contradictory.

‘Only If” Part:

Let X, —% X. Then X —P X as well. By (a), there a subsequence
{n(k(m))}m=1 of {ng}x=>1 and that X,, — X a.s. (I

Theorem 1.5.2 (b) may appear, at a first glance, to be of theoretical value only.
However, this is not the case, and this result is very useful. As an illustration, we
prove the following theorem. To this end, recall that if g : R — R is any function
then the set, Dy, of all discontinuity points of g is an Fy-set (i.e., a countable union
of closed subsets of R), and hence is a Borel set.

Theorem 1.5.3 If X, —© X and g : R — R is a Borel measureable function
such that P(X € Dy) = 0 where Dy is the set of all discontinuity points of g, then
9(Xn) =" g(X).

Proof We shall use the full force of Theorem 1.5.2 (b). So let {n (k) };>1 be a subse-
quence of positive integers. By the “sufficiency part” of Theorem 1.5.2 (b), we only
need to show the existence of a further subsequence {rn(k(m))},;>1 of {n(k)}r>1 such
that

g (Xn(k(m))) — g(X)a.s.asm — oo. (1.5.4)

To this end, begin by noting that as X,, —% X, the “necessary part” of Theorem
1.5.2 (b) implies that there is a subsequence {n(k(m))},>1 of {n(k)}r>1 such that

Xukmy —> X a.s.asm — 0.

Let A = [X,(k(m)) — X]; then P(A) = 1. Let B=AN[X ¢ Dyl.
As P(X € Dy) =0, P(B) = 1. To show (1.5.4), it suffices to show that

B C [9(Xnk(my) = 9(X)]. (1.5.5)

Soletw € B.Asw € A, Xupm)) (@) — X(w). This fact and the fact that
w € [X ¢ Dyl, i.e., that g is continuous at X (w) imply that w lies in set on the right
side of (1.5.5). ([l

Example 1.5.1 Let {X,},>1 be any sequence of random variables defined on the
same probability space. Show that 3 a sequence {a,},>1 of positive reals such that
Xn/a, — Oa.s .

Solution: Fix an integer n > 1. Clearly, 3 d, > 0 such that P(|X,| > d,) < n2.
Puta, = nd, > 0,n > 1. Then 22‘;1 P(|X,|/a, > 1/n) < co. By Theorem 1.5.1
(d), X, /a, — 0 a.s. [If the X, are defined on different probability spaces, 3 {a, },>1
suchthata, >0V n > 1and X, /a, —© 0.]
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Example 1.5.2 Let Y P(X, > cay) < oo where ¢ > 0, a, > 0. Then show that

. X
limsup — < ca.s.
ap

Solution: By the first Borel-Cantelli lemma,

P(X, >cayi.n) =0, ie., P(X, <ca, eventually) = 1.
But [X,, < c a, eventually ] C [lim sup % <cl].
In the next section, we shall give some tgfpical examples on the Borel-Cantelli
lemmas. For the application of the second one, we shall make a remark. First a
definition is needed.
Recall that a sequence {X,},>1 is called pairwise negative quadrant dependent
(pairwise NQD) if Vi # j,s,t € R

P(X;>s,Xj>1)<P(X; >s)P(X; >1).

A sequence {A,},>1 of events is called pairwise NQD if {/4,},>1 is so. Clearly,
{Ap}n>1 1s pairwise NQD iff

P(A;NAj) < P(ADP(A) Vi #j. (1.5.6)

A sequence {Ap}n>1 of pairwise independent events is pairwise N QD ((1.5.6)
then holds with equality in place of <). Also, if {A,},>1 are pairwise N Q D, so are
{AL =1

Remark 1.5.1 The second Borel-Cantelli lemma holds if ‘independence of {A,} is
replaced by ‘{A,}is pairwise N O D’. This was first noted by Erdos and Renyi (1959),
and can be proved in several ways. These will be discussed in Chap. 3. Variants of
this result will be proved in Chap. 3 where other dependence conditions on {A; },>1
will be assumed and one can then only conclude that P (lim sup A,,) > 0, and this
suffices in many examples. These facts should be remembered carefully while going
through the examples of the next section.

Theorem 1.5.4 Let{X,},>1 be pairwise independent with the distribution functions
{Fulns1. Then X, — 0 as. < D P(IXpl > €) <ooVe>0<4 D> (1 —F,(e) +
Fy(—¢€)) <ooVe > 0.Alsolimsup | X,| =ocoa.s. < > P(|X,| >€) =ocoVe >
0.

Proof Note that

X, —>0as. < P(X,| >€i0)=0Ve>0
& D P(Xsl>€) <ocoVe>0

by the Borel-Cantelli lemmas.
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If > (1 — Fy(e) + Fy(—€)) < ooVe > 0, then > P(|X,| > €) < ooVe > 0
since P(|X,| > €) <1 — F,(¢) + F,(—€), and so X;, - OasIf X, — 0 a.s,
then P(|X,| > €i.0.) =0Ve > 0 and so > P(|X,| > €) < ooVe > 0 implying
>(1— Fy(e) + Fy(—€)) < ooVe > 0.

Finally, > P(|X,| > €) = coVe > 0 & P(|X,| > €i.0) = Ve > 0.
& P (N, [1Xu| > mi.o.(n)]) =1 < P(limsup |X,| = o0) = 1.

For some additional applications of the Borel-Cantelli lemmas, see pp. 100-104
of Gut (2005).

1.6 Examples

Varieties of problems can be solved by the Borel-Cantelli lemmas. We discuss below
a few of them.

Example 1.6.1 Assume that each X, takes only finitely many (distinct) values, say,
a,xi,...,Xy. Then

@ X,—>'ae P(X,+#a) — 0;

(b) X, > aa.s.,if > P(X, #a) < o0;

(c) Converse of (b) holds if the events [ X,, = a] are pairwise NQD; more precisely,
> P(Xy #a) =00 = P(X, — a) = 0 (under this assumption);

(d) if {A,} is pairwise NQD, I4, — 0a.s. < > P(A,) < 00;

(e) letm = 1,a < x1 and show that P(liminf X,, = a,limsup X, = x1) =1 =
> P(X, =a) =occand > P(X, = x1) = oo; the reverse implication is true if
the events [ X,, = a] are pairwise NQD. (In case X,,’s are Bernoulli variables and
the X, are pairwise independent with P(X,, = 1) — Oand > P(X,, = 1) = oo,
we may then conclude that {X,,},,>1 continues to visit both 0 and 1 over and over
infinitely often with probability one).

Solution:

(a) Lete = L minf{la — x|, ..., |a — x,[} > 0. Then
P(X, —al > €) = P(X, #a).

This proves the implication =; the reverse implication is always true.

(b) Thisis always true. By the first Borel-Cantelli lemma, P (X, = a eventually)=1.
So P(X, — a) = L. Alternatively, co > > {° P(A,;) = E (3 1,) and so
> 14, < ooa.s. implying that 14, — Oa.s.; but then X, — aa.s. Here

(c) By the second Borel-Cantelli Lemma in conjunction with Remark 1.5.1,

Z P(X, #a) =00 = P(X, #ai.0o.) =14 P(X, = a eventually) = 0.
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Now note that [X,, — a] = [X,, = a eventually].
(d) See the solution of (c).
(e) Assume the given conditions. Then

P([X, =ai.o]lN[X,=x1i0.]) =1.

The implication = follows by the first Borel-Cantelli lemma. The reverse impli-
cation is true by the second Borel-Cantelli lemma.

Example 1.6.2 X, =7 04 X, = Oa.s.

Solution: Let P(X, = 0) = }l =1—-P(X, =1)forn > 1, and let {X,},>1 be
pairwise independent. Then X,, —* 0 by Example 1.6.1(a), and lim sup X,, = 1
a.s. by the solution of Example 1.6.1.(c).

Example 1.6.3 (Shuster (1970)) The following are equivalent:

(a) Foreache > 0, 3 anevent A such that P(A) > 1 —¢ and Z;’;l P(A,NA) <
Q.

(b) P(limsup A,) = 0.

(¢) P(liminf A}) = 1.

Solution: (a¢) = (b) Let € > 0. If suffices to show that P(limsup A,) < €. By
(a), 3 an event A such that P(A) > 1 — € and Zzil P(A, N A) < oo. Then
P(limsup(A, N A)) = 0. But then

P(limsup A,) < P((limsup A,) N A) + P(AC) <e.

(b) = (c): Obvious. (c) = (a): Lete > 0. By (¢), P (ﬂ,‘(’inAi) 4 1. So I an integer
n > 2 such that P (ﬁ,finAi) >]—€.PutA = ﬁ,finAi. Then P(A) > 1 — ¢, and

00 n—1
Z P(Ay NA) = Z P(AnNA) < oo.
m=1 m=1

[We have, therefore, shown thatif >, P(A N A,) < oo, then P(limsup 4,) <
1 — P(A). It then follows that

P(imsupA,) =1—sup{P(A): A e F}

where F is the set of all events A satisfying 2311 P(ANA,) < oo; for, the sets
ﬁ,finAi for each n > 1 belong to F, and

P(liminf A) = sup,-, P ( A A;) 1
- k=n
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Example 1.6.4 Let {X,} be pairwise independent. Show that for each real a,
P(X, > a)=0orl.

Solution: Fix a real a. Note that by (1.2.16)

(X, — al= N lminf[|X, —a| < 1/m]= 1 liminf A, say). (1.6.1)
m=1 n—00 m=1 n—00

Case 1 Foreachm > 1, we have 32| P(AS ) < oo. Then P(Aj, , i.0. (n)) =

0V m > 1 which implies that P(liminf, oA, ») = 1V m > 1, and so P(X —
a) = 1 by (1.6.1).

Case 2 Janinteger m > 1 such that > 72| P(Aj, ) = oo. Clearly, {A{ , },>1 are
pairwise independent. So

P(AS ,, i.0.n) = 1, ie., Piminf, oo Apm) = 0.

By (1.6.1), [X,, = a] C liminf, o0 An m; s0 P(X, — a) =0.

Example 1.6.5 Let P, Q be two probabilities on a measurable space (€2, .A). Then
the following are equivalent:

(a) Ae Aand P(A) =0= Q(A) =0.
(b) Foreache >0, 35 > Osuchthat A € Aand P(A) <8 = Q(A) <e.
(c) A, e AVn>1land P(A,) - 0= Q(A,) — 0.

Solution:

(a) = (b) Suppose that the negation of (b) holds. Then 3¢ > 0 such that for
each § > O there exists an event A € A with the property that P(A) < §
but Q(A) > €. Taking § = 1, (%)2, (%)2, ... successively, we get a sequence
{Ax}x>1 of events in A such that P(Ax) < k=2 and Q(Ay) > eVk > 1. So
P(limsup Ay) = 0 and Q(limsup Ag) > limsup Q(Ax) > € > 0. Thus the
negation of (a) holds.

(b) = (c): Let A, € AYVn > 1and P(A,) — 0. We show that Q(A,) — 0. Let
€ > 0. In view of (b), 38 > Osuchthat A € Aand P(A) <& = Q(A) < e.
As P(A,;) — 0, 3 an integer m > 1 such that P(A,) < §Vn > m. So
Q(A,) <eVn >m.Hence Q(A,) — O.

(¢) = (a):Let A € Aand P(A) =0.Put A, = AVn > 1. Then P(A,) — 0. So
by (¢), O(A,) — 0; ie., Q(A) =0.

Example 1.6.6 Let{X,},>1 be pairwise independent and identically distributed. Let
E(|X1]) = co. Show thatif S, = X1 +---+ X, and X, =n~'S,,n > 1,

(a) Foreacha > 0, P(limsup[|X,| > nal]) = 1;
(b) Foreacha > 0, P(lim sup[|S,| > na]) = 1; and



34 1 Introductory Chapter
(¢) P(lim X, exists and is finite) = 0.

[Indeed, P(limsup | X,| = oc0) = 1.]
Solution:

(a) Fix a real a. Since the events {[|X,| > nal},>1 are pairwise independent, it
suffices to show that Z;O:1 P(|X,| > na) = oo. As the X,, are identically
distributed, it suffices to show that Z;’; 1 P(1X1] > na) = oco. But

> P(Xil>na) = > P(IX1/al = n+1) = E(X1/al) — 1 — P(IX)| > a) = oo.

n=1 n=1

(b) Fix areal a. Note that
[1S;] < na eventually] C [|X,| < 2na eventually].

For, if w lies in the set on the left side, then 3 an integer m > 1 such that
|S,(w)| < naVn > m, and then

[Si—1(w)| < (n—1)a <na VYn > +1

so that
[Xp(w)| = |Sp(@) — Su—1(@)| <2na Vn > +1.

Consequently,
P(limsup[|S,| > na]) > P(limsup[|X,| > 2na]) = 1 by (a).
(c) It suffices to note that
[lim X, exists and is finite ] C [lim sup |X,,| is finite ].

[Under the assumptions of Example 1.6.6, it is possible that {n~!S),} is stochastically
bounded; consider, e.g., the Cauchy distribution.]

Example 1.6.7 Let P(X,, =1)=p=1—P(X, =0) withO < p < 1. Let the X,,
be independent. Let 8 be a fixed k x 1 vector whose components are 0 or 1. Show
that P((Xl’ls s Xn+k—1) = ﬁ i.0. (n)) =1.

Solution: Let A, = [(X,, ..., Xp4ik—1) = Bl By = [((X@—Dk+1, -+ Xuk) =
Bl, n > 1. Obviously, the events { B, },>1 are independent (but the events {A, },>1 are
not). Also, [B, i.0.] C [A,i.0.]. It, therefore, suffices to show that > P(B,) = oco.
As P(B,) = P(B1) >0V n > 1, we are done. (See Theorem 1.3.2.)

[At this stage, it is instructive to read the story on ‘““The Monkey and the Type-
writter” in Sect. 18.2 of Chap.2 of Gut (2005).]
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Example 1.6.8 (Breiman (1968)) Consider Example 1.6.7.LetY, =2X,—1,n > 1
(i.e., in terms of successive independent coin-tossing experiment, ¥,, = +1 or —1
according as the nth toss leads to a head or a tail). Put S, = Y, +---+ Y,,n > 1.
Show that

(a) if p # 1/2,then P(S, = 01i.0.)=0; and
(b) if p=1/2,then P(S,, =0i0.)=1.

Solution: (a) Let S, = Xi+ -+ Xn,n > 1. Below we write a, ~ b, in case

an/b, — 1. Then

P(S2y =0) = P(S2, =n)

2
= (n”) p(=p)
N (2n)2n+1/2 exp(—2n)
V27 (n"+1/2 exp(—n))
= ()2 (4p(1 = p))",

5(p(1 = p))"

where we have used Stirling’s formula for factorials, namely,
n! ~ 220" 12 exp(—n).

Thus > P(So, = 0) < > 7'2(p(1 — p))" < c0cas 0 < p < 1. Thus
P(S2, =01i.0.)=0. Since
S, =0=niseven,

[S2, =0i.0.] =[S, =0i.0.].SoP (S, =0i.0.) =0.

(b) We first show that 3 a sequence {r(n)},>1 of integers > 1 such that P(|S, )| <
n)<1/2vVn>1.
To this end, let i be an integer and put ¢, = P (S, = i). Then

qn = P(Sn =@ +i)/2)
nl

- ((n+ l)/2)'((n —i)/2)! (1/2)", provided (n + i) is even.

Hence for large n with (n + i) even, we can write by Stirling’s formula

logg, = —log(2m)/2+ (n+1/2)logn — ((n+i + 1)/2)log((n +1i)/2)
—((n—i+1)/2)log((n —i)/2) — nlog2 + o(1)
= —log(27)/2 +1og2 — (logn)/2 — ((n +i + 1)(i/(2n) + o(n™"))
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— (=i +1D(=i/@n) + o) +o()
= —log(2m)/2 + log2 — (logn)/2 4+ o(1) — —oo0.

Hence g, — 0Vi > 1. Thus

P(S)l <k)y= D P(Sl=i)—0 Vk=1
itli|<k

Thus given any k > 1, 3 an integer (k) > 1 such that P(|S, x| < k) < 1/2.
Now let ny = 1, my = ng + r(ng) and ngy1 = my + r(my) for k > 1. Then
ng <myg < ngy1 Yk > 1.Define

Ng+1
B = z Y, < —ny, Z Yi>mp | k> 1.
i=ni+1 i=mp+1

Then By C [S, = 0 for some n with my < n < ny41]. For, if w € By, Sy, () =
Z Y; +Zl L1 Yi S ni+ (=np) =0, as well as, Sy, (@) > —my +my = 0.
Thus[B i.o.] C[S,=0i.0.].

It is, therefore, enough to show that P (B, i.0.) = 1. Clearly, the events {By}i>1
are independent (and the events {[S,, = 0]},>1 are not). The proof will be complete
if we show that > P(B,) = co. But

mp i1
PBY=P| D Yi<-m|P[ D Yizm
i=ng+1 i=mi+1
1 mg N1
=PI 20 Yilzm | P10 Yilzm
i=nr+1 i=mp+1
1
= ZP (|Smk—nk| > nk) P (|Snk+l_mk| > mk)

1
ZP (|Sr(nk)| > nk) P (|Sr(mk)| > mk)
1/16 by the definition of {r(n)},>1.

v

Example 1.6.9 (a) Let P(|X,| > a) < P(]Y| > a) foreacha > Oandn > 1
(a fortiori, let {X,} be identically distributed). Put ¥,, = n~'X,. Show that
Y, =>° 0.

(b) If {X,} are pairwise independent and identically distributed and Y,, = n X,
then Y, — Oas. & E(|X1]|) < oo.

Solution: (a) Let € > 0. Note that

P(|Y,| > €) = P(IX,| > ne) < P(|Y| > ne) — 0.
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(b) We shall use Lemma 1.1.1(b), p. 4. Now

Y, > 0a.s. & P(|Y,] = €i.0.) =0Ve > 0by Theorem 1.2.1
o
N ZP(|Yn| > €)<ooVe>0
n=1

by the Borel-Cantelli lemmas

o0
& > P(Xyl2ne) <oo¥e>0

n=1

o0

& D P(Xi|zne) <ocoVe >0
n=1

< E(|X1/€]) <ooVe >0

& E(1X1]) < oo.

Example 1.6.10 Let {X,},> be iid and put ¥, = n~! max |X;|. Then

=i=n

(@ Y, > 0< nP(Xi|>n) — 0;
d) Y, > 0a.s. & E(X1]) < oo; and

(o) if E(|X1]) <ocoand E(X1) # 0, max1§i5n|Xi|/(Z Xi) — Oa.s.

i=1
Solution:
(a) We first prove the following preliminary results.
(i) n P(|X{| >n) >0 = xP(X|] >x) > 0asx — oo.

(i) If0<a, <1Vn=>1,thenna, > 0& (1 —a,)" — 1.
To show (i), note that if x > 1

xP(|1X1| > x) <2[x]P(|X1| > x) <2[x]P(|X1| > [x]) > 0asx — oo.

To show (ii), note that if na,, — 0
1= (1 —an)"| <na, — 0

as (1 —h)">1—nhforh >0,

37

whileif (1—a,)" — 1, thenn log(l1—a,) — 0,andsona, < —nlog(l1—a,) —

0. (Recall that logx <x — 1 for0 < x < 00.)
We now prove (a). If ¥, —% 0, then

P(Y,| > 1) = 0= P(¥,| < 1) — 1
= (P(X1| =n)" — 1
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= ({1 =P(X1|>n)" =1
= n P(|X1]| > n) — 0 by (ii) above.

Conversely, if n P(|X(| > n) — Oand e > 0

P(|Yyl >€e)=1—(1— P(X1| > ne))* - 1 —1=0 (by (ii) above)
since x P(|X1]| > x) - 0 as x — oo (by (i) above) and son P(|X| > ne) —
0

(b) First note that if 0 < s, 1 oo, then

an/sp — 0= max |a;|/sp — 0; (1.6.2)
1<i<n

for, if € > 0, J an integer m > 1 such that |a,|/s, < € Vn > m, which implies that
forn >m

(m_ax Iail) /$n = ( max Iail) /sn+ ( max Iail) /Sn
I<izn I<i<m m<i<n
< ( max |ai|) /Sn + €
1<i<m

which, in turn, implies that

lim sup max |ai| ) /sn ) < €
1<i<n
and so we are done.

We now establish (b). Note that
E(IX1]) <oco < n X, - 0a.s. by Example 1.6.9 (b)

& (max |Xi|) /n — 0a.s. by (1.6.2).

1<i<n

(c) The SLLN as given in p. 282 of Billingsley (1995) will be usual. By (b),

n~! max |Xi] > Oa.s.
1<i<n

By the above SLLN, n~!S, — E(X)) a.s. As E(X1) # 0, we are done.

Remark 1.6.1 Let {X,},>1 be pairwise independent and identically distributed and
o > 0. Then n= 12X, — Oa.s.iff E(|X|%) < oo, and n~/*X,, — ocoa.s. iff
E(]X1]%) = oo. [This is a sort of a zero-one law.]
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Remark 1.6.2 For a sequence, Y, X1, X7, ..., of random variables and areal » > 0,
consider the following statements:

(@ n~ VX, > 0a.s.

(b) P(|Xu| >nY"€in)=0 Ve>D0.
() D P(Y|>n""€) <00 Ve >D0.
d S P(IX1| >n'/"€) <00 Ve >0.
(e) E(JY]") < oo.

) E(X1]") < oo.

(2 n~ " max |X;| — Oa.s.
1<i<n

Then (g) < (a) < (b), and (¢) < (¢), (f) < (d) hold. If
P(X,|>x)<P(Y|>x) Vx>0,n>1,

then (c) = (b) holds. If {X,,},,>1 are pairwise independent and identically distrib-
uted, then (b) < (d) holds.
[See the solution of Example 1.6.10(b) and Remark 1.6.1.]

Example 1.6.11 1f {X,},>1 are pairwise independent and
a;l(Xl +---4+X,) > 0a.s.

where a, > 0 and {a,_1/an},>1 is bounded, then > P(|X,| > a,) < oo.

Solution: Clearly,
a Xy =a; (X -+ Xp) — (a1 /an)a, (X1 4+ Xno1) = O as.

Put A = [a, !X, — 0]. Then P(A) = 1, and A C [a, |X,| < 1 eventually].
Thus P(|X,| > ayi.o.) =0.

Suppose the conclusion is false. Then > P(|X,| > a,) = oo and so P(|X,| >
a, i.0.) = 1, whichis a contradiction. [The conclusion holds if an_l(X 1+ +X,) -
wa.s.and a,—1/a, — 1.]

Example 1.6.12 Show that there are examples of independent random variables
{Y}n>1 such that ¥, —P 0and P(lim sup Y, = oo, liminf ¥, = —o0) = 1.

Solution: Let the {X,},>1 be independent and X,, follow Bin(1; 1/n),n > 1. Put
Y, = (—1)"n X,. Then P(Y, # 0) = 1/n — 0but > P(Y2, = 2n) = oo and
> P(Yopy1 = —(2n + 1)) = oo. So the second Borel-Cantelli lemma implies
that P(limsup Y, = oo, liminf Y, = —oo0) = 1, [It is now clear how to construct
{Y,,},>1 with these properties and having absolutely continuous distributions.]

Example 1.6.13 (Chow and Teicher (1997))

(a) If {An}y>1 and {B,},>1 are two sequences of events satisfying > P(A,) = 00
and 3 an integer k > 1 such that
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00 00 .
P (Ai N ( U Ai+jk)) < P(A)P ( Uk Bj) for all sufficiently largei,
j=1 j=

o0
then P ( U B/) =1.
A

]_
(b) Let {X,},>1 be iid random variables and S, = X1 +---+ X,,, n > 1. Then for
any € > 0,
P(S,| < €i.0.)=0o0r1

according as Z;’lil P(S,| < €) <ooor =o0.

Solution: Put C; = A; N (N3, A¢, ;) i = 1. Note that Ci N Ciyje = # for
i,j= 1,2,....Sof0reachnzl

) ook
> P =D P(Cutir)
i=nk+1 i=n m=1
k o0
=D P (.u cm+,-k) <k
m=1 I=n

Thus for all sufficiently large n,

k= > [P(A,») - P (Ai N (_fjl Ai+jk)):|
i =

=nk+1

(2 rw) (- (22)

by the given condition.
As the series on the right side is co, we must have P (U‘?o_kB ) =1.

(b) It suffices to consider the case when Z —1 P(IS:] < €) = oo. To this end, it
may be assumed that Zn:l P00 < S, < €) = o0, since otherwise z;‘;l P(—e <
S, < 0) = oo and then we can replace X,, by —X,, for eachn > 1.

Put A; = [0 < S; < €], Bi =[ISi] <€l,Cij =1ISj — Sil < €]. Note that for

eachk > 1,
)
P(A,'ﬁ(UAH.jk))SP(A,'ﬂ(U A))
j=1 Jj=i+k
SP(A,’Q( U Cl]))
j=i+k
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o0
= P(A,')P( U Cij)
=itk

= P(A;)P ( U kBj_l-) .

Jj=i+
By @), P (U, B;) = 1Vk = Liie, P(Byio) =1.
Example 1.6.14 Let {X,} be iid with the common distribution function F. Let
a=supfx e R: F(x) < 1}, —00 < a < oo.

(a) If a < oo, show that max(Xq, ..., X,;) > aa.s.
(b) If a = o0, show that max(X1, ..., X,,) > ooa.s.

Solution: (a) Let € > 0. We shall show that > P(|Y, — a| > €) < oo where
Y, = max(Xy, ..., X,). First observe that by definition of a, P(X| < a +¢€) = 1.
So

P(Yy —al <€) =Py <a—e)=(P(X; <a—e)" = p" (say).

AsJareal x suchthat F(x) < landa—€ <x, P(X1 <a—¢) < P(X;1 <x) < 1;
s00 < p < land ) p" < oo. (b) Let ¥, be as in (a). We show that 3A € A such
that P(A) = 0 and

A€ C Y, — ool (1.6.3)

Firstly, F(m) < 1Vm > 1 (asa = 00). So >_. P(Y, < m) = > (F(m))" < oo.

Then P(Y, < mi.o.(n)) = 0Vm > 1.Put A = U> |[Y, < m i.0.(n)]. Then
P(A) = 0and (1.6.3) holds; for, A = [Vm > 1, ¥, > meventually] C [Y,, — oo].

Example 1.6.15 Let {X,} be pairwise independent, identically distributed and X
nondegenerate. Then show that

P({X,} converges) = 0.
Solution: We show that
P(liminf X,, < limsup X,,) = 1. (1.6.4)

As X is nondegenerate, 3a € R such that 0 < P(X| < a) < 1 (see Lemma
1.1.3). As1 > P(X; <a) =1lim P(X; <a+ 1/n),3 an integer n > 1 such that
n

P(X|y <a+1/n) <1.So3a,b € Rsuchthata < band P(X| <a) > 0, P(X| >
b) > 0. Thus

D P(X,<a)=Y P(X;<a)=00, » P(X,=b) =D P(Xi=b)=oc.
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As the X, are pairwise independent, we must have
P(X, <aio)=1, P(X,>bio.)=1.
So
P(liminf X, <a) =1, P(limsupX,, > b) =1,

and hence
P(iminf X,, <a <b <limsup X,) =1

implying (1.6.4).

Example 1.6.16 Let {X,} be pairwise independent. Show that
P({X,} converges ) is 0 or 1.

Solution: Let, with the usual convention regarding the empty set,

xo=inf{r e R: P(X, >ri.on.) =0}, —00 <x9 <00,

yo=sup{r e R: P(X, <ri.n) =0}, —00 <y < o0.

Then
P(limsup X, < xo) =1, P(liminf X,, > yp) = 1, (1.6.5)

(and so yg < xg). We verify the first equality, the proof of the second being similar.
To this end, let xp € R and k > 1 be an integer. Then 3 an r9 € R such that
ro <xo+ 1/kand P(X, > rgi.o.) =0.So
P(Xy, >xo+1/ki.o. (n)) < P(X, >ropi.o.)=0;
ie., P(X, < xo+ 1/k eventually (n)) = 1 implying that
P(limsup X, <xo+ 1/k) = 1.
As k > 1 is arbitrary, we can conclude that P(limsup X,, < xg) = 1. It, therefore,
remains to consider the case xo = —oo. Let 3, — —oo be such that P(X, >
Ymi.0.(n)) =0Vm > 1. So
P(X, <ymeventually (m)Vm > 1) =1

which implies that P (lim sup X,, = —o0) = 1.

Clearly, (1.6.5) implies that if x) = —o0 or yg = 400, then P({X,} converges)

=0. Now, let yop = x¢ € R; then (1.6.5) implies that P ({ X, } converges) = 1. Finally,
assume that yp < xo. Then I reals u, v such that yo < u < v < x¢. By the definitions
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of xp and yy, it then follows that

P(X, <ui.n.) >0, P(X, >vi.o.)>0.
By the Borel zero-one law (see Theorem 3.1.2), we have

P(X, <uion)=1, P(X,, >vio.) =1,

i.e.,
P(iminf X,, <u) =1, P(limsup X, >v) = 1.

Asu < v, we must have P(liminf X,, < limsup X,;) = 1. 1.e.,
P({X, }converges) = 0.
[Under the given conditions, we, therefore, have
P (lim X, exists in the extended real number system) = 0 or 1.]

Example 1.6.17 (Due to D.J. Newman; see Feller (1968, p. 210)) Let {X,,},,>1 be a
sequence of independent Bernoulli variables with P(X,, = 1) =p=1— P(X, =
0). Define Y, to be the length of the maximal run of successes starting at the nth
trial:

Yo(w) =jiff X;(w)=1fori=n,....,.n+j—1
and X,y j(w) =0 (j = 1),
Y, (w) = 0iff X, (w) =0.

Let log n stand for the logarithm of n to the base 1/p,0 < p < 1. Then show

that lim sup(Y,,/ log n) = la.s. (See, also, Example 3.1.1 on p. 64.)
Solution: For each a > 1, we have

o)
P, > alogn) = Z(l _p)p./ — pm < palogn ]

j=m

where m = inf{j > 1: j > alogn}. So P(Y, > alogni.o.) = 0. Sincea > 1 is
arbitrary, we must have

P(lim sup(Y,/logn) < 1) =1.
Now let j, = [nlogn], the greatest integer < nlogn. Put

log, n = loglogn.
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Let0 < b < 1. Note that

i+l — Jn =+ 1)logn — 1 —nlogn
> [blog j,]1+1logn — 1 — b(logn + log, n)
1+b10g2n]

= [blog ju]l + (1 —b)logn [1 T U —b)logn

The second term on the right side above tends to oo as n — oo, so that 3 an
integer m > 1 such that it is > 1 whenever n > m. We assume below that n > m.
Put j¥ = j, + [blog j,]. Note that

Ap=1Y), > jr—ja+10=[X;,=1,.... X;z =1]

which depends only on X, ,..., X+ this immediately implies that the events
{A;}n>1 are independent. Also,

P(Ay) = pl"Pe I = p(nlogm) ™.
An application of the second Borel-Cantelli lemma yields that
P(Ayio) =1,
and hence that P (lim sup[Y,, > blog j,]) = 1. As b € (0, 1) is arbitrary, we get

P(limsup(Y,/log n) > 1)
> P(limsup(Y;,/log j,) > 1) = 1.

Example 1.6.18 Let {X,},>1 be pairwise independent and identically distributed
with E(|X]) = oco.Let S, = X1+ -+ X,,, n > 1. Let {a,},>1 be a sequence of
positive reals such that n~'a, is nondecreasing. Then

Z P(IX1| > ay) = oo = limsup(|S,|/an) = coa.s.

Solution: As ay,, /(kn) > a,/nVk > 1, we musthave ay, > ka, Vn, k > 1. Hence

o o o0
D P(Xi| > kay) = D P(Xi] > aw) = k7' D P(Xi| > ap) = o0

n=1 n=l1 m=k
since

k(n+1) k(n+1)
> PUXil>an) = D P(Xi] > ar) =kP(X1] > ax).

m=kn m=kn
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Thus > P(|X,| > k a) = oo, and so P(|X,| > k a, i.0.) = 1. Proceeding as
in Example 1.6.6, one gets the desired result.

Example 1.6.19 Let Y, P(X, # Y,) < 0o. Then

(@) >.(X, — Yn)Z, converges a.s.;
(b) if a, — oo and {m,},>1 is a sequence of positive integers tending to 400,

my

iZ(X —Y)Zi — 0a.s.

i=1

© X, —-Y)NZ,— 0a.s.;
(d) with probability one,

1 n
anzn or — inzi or X, Zy
e

converges, tends to +00 or —oo, or fluctuates in the same way as

1 n
ZY”Zn or ; Y;Z; or Y, Z,,

respectlvely, where an — 400;

(e) ZX/a,,—> X@ZY/an—#’ X.

Solution: By the first Borel-Cantelli lemma, P (X, # Y, i.0.) = 0. Thus P(A) =1
where A = lim inf[X,, = Y,,]. Now note that

AC [Z(X,, — Y,)Z, converges],

AcC |:Z(Xl- —Y)Zi/an — 0}
i=1

A C[(Xy — Y)Zy — 0.

Parts (d) and (e) follow from Parts (a)—(c).

Example 1.6.20 Let X be a random variable satisfying the condition that 3 a se-
quence {d,},>1 of non-negative reals such that P(|X| > d,) > 0Vn > 1 and
Ziii] P(|X| > d,) < oo. Let {a,},>1 be a given sequence of reals. Then 3 a se-
quence { X, },>1 of random variables such that X,, — X a.s.and E(X,) = a,Vn> 1.

Solution: Define

Xn = XI|X|<d,) T Iix|>d,1,n = 1,

ap n
P(X|=dy) |
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where o, = E(X1[x|<a,]) ; note that the random variable X I} x| 4, is bounded (by

dy,) and hence has a finite expectation.
Clearly, E(X,) = a,,n > 1. Also, X;, - X a.s., since for any € > 0

> P(Xy—X|>e€) <> P(X|=dy) < 0.

Example 1.6.21 Let P(X,, > x) < P(Y > x) Vx > O,n > 1. Let Y, =
max(Xy,..., Xy, n>1L.IFEY"') <oo, thenn~ 'Y, — Oa.s.

Solution: Note that if ¢ > 0,
> P(X,=ne)< D P(Y =ne) < E(Y*/e) < oo by Lemma 1.1.1 (b).
So P(X,, >nei.o.) =0.Hence P(A) = 1 where
A=[X, <n/mi.o.n)¥Vm > 1].

We now show that
AcC [lim sup(n~1Y,) < 0] .

To this end, let ® € A. Let m > 1. Then 3 an integer N(w) > 1 such that
X, <n/mV¥n > N(w), and so

n Y, (@) < max(n ™' Yy (o) (@), 1/m)Vn > N(o)

which implies that
lim sup(n_lYn(a))) <1/m.

As m > 1 is arbitrary, we must have lim sup(n~'Y, (w)) < 0.
Thus lim sup(n~'Y,) < Oa.s. But

liminf(n~'Y,) > liminf(n~'X;) = 0.

Son~'Y, = 0a.s.

Example 1.6.22 (a) If > P(X, > A) < oo for some real A, then

P (supX,, < oo) =1.
n

(b) If the events [X,, > A] are pairwise NQD and > P(X, > A) = oo for each

real A, then P (sup X, <o) =0.
n

Solution: This is immediate from the Borel-Cantelli lemmas.
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Example 1.6.23 (a) If P(A,) — 1, then 3 a subsequence {ny}x>1 of positive inte-
gers such that P (Nf2,A,,) > 0.

(b) The sufficient condition of (a) cannot be replaced by ‘P(A,) > € Vn > 1 for
some e > 0.

Solution: (a) As P(A{,) — 0, 3 a subsequence {my}r>1 of positive integers such
that P(A;an) <k 2Vk > 1. Then P(liminf Ay,) = 1. Thus

P(?\o Am.)—>1as k — oo.
j=k

Hence kg > 1 such that P (ﬁ?":koAmJ,) > (. Then we consider the subseuence
My, Mig+1, Mig4+25 - - -

(b) Let us consider the experiment of independent coin-tossing with the same
coin. Let A, = [ a Head appears at the n-th toss], n > 1. Then the events A,, are
independent and P(A,) = 1/2V n > 1. So we can take ¢ = 1/2. Yet, for any
subsequence n; < ny < ---, we have

o
P(kﬂlAnk)gP(Anlﬂ---ﬂAnk) Vk > 1

K
=(—) Vk > 1,
2

which implies that P (N9, A,,) = 0.

Example 1.6.24 In a sequence of iid Bernoulli random variables {X,},>1 with
P(Xy = 1) = p, let A, be the event that a run of n consecutive 1’s occurs
between the 2"-th and 2" -th trials, n > 1. If p>1/2, then P(A,i.0.) = 1.

Solution: Clearly, the events A, are independent. So it suffices to show that
> P(A,) = 0o. We now show that

P(A}) <exp(—=(2p)"/(2n)),n > 1.
To this end, note that

AS =[foreachi =2",2" +1,...,2""" —n 4 1, there is at least
one zero between the i-th and (i + n — 1)-th trials ]
C [foreachi =2",2" +n,2" 4+ 2n,...,2" + rn, thereis

at least one zero between the i-th and (i + n — 1)-th trials |

where r is the largest integer such that 2" + rn > 2"*! —n 4+ 1, and so r >
(2" —n+1)/n > 2"/(2n)—note that 2"~! > n — 1 for n > 1 as an induction on n
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shows. Hence
P(AS) < (1= p") < (1= p)*/® < exp(—(2p)"/(2n)).

Case ] p=1/2
Then P(A,) = (1/(2n))/(1 + 1/(2n)) so that 3" P(A,) = oc.
Case2 p>1/2

Then P(AS) — 0sothat > P(A,) = oco.

Example 1.6.25 (a) Let Y, = max{Xy,..., X,},n > 1and A, 1 oo. Then [¥, >
Mio]=[X, > A,i.0.]

(b) If > P(X,; > Ay) < 00, then P(Y, > Ayi.0.) =0;if > P(X, > Ay) = 00
and the events [ X, > A,] are pairwise NQD, then P(Y, > A,i.0.) = 1.

Solution: (a) If suffices to show that
[Y, > Api0] C[X, > Ayiol].

Solet Y, (w) > A, forn =ny,ny, ... wheren; < np < ... Then 3 an integer k such
that 1 <k < nj and Xy (w) > Ay, and so Xy (@) > Ag (as Ax < Ap,). Putm; = k.
Suppose that 3m; < my < --- < m; such that

Xp(w) > Ay forn =my, ..., mj.

Then 3 an integer n; such that A,,, > Y, (w) (this is possible since A,, — 00). As
Yy, (@) > Ay, there must be an integer p > 1 such that p < n; and X (@) > Ay, .
Clearly, p > mj. We can let m;j; = p. Therefore, by mathematical induction,
dm| < my < ...suchthat X,,(w) > A, forn =my,mo, ...

(b) It is now immediate from (a).

Example 1.6.26 Let { f4}n>1 be q sequence of functions from €2 into R. Let b, >
OVn>1.

(a) Ifliminf(a,/b,) > 1, then

[fn =anio] Clfy >byi.o.l.
(b) If limsup(a,/b,) < 1, then

[fn <ayi.o] Clfy <bpi.o.l.
Solution: This is immediate.

Additional problems on BCL can be found in Athreya and Lahiri (2006, p. 43)
and Stein and Shakarchi (2005, p. 46).
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Chapter 2
Extensions of the First BCL

2.1 A Result of Barndorff-Nielsen

The first Borel-Cantelli lemma is simple and almost trivial. Yet, it is necessary to
weaken its sufficient condition to tackle some problems of probability theory. The
first of such extensions is due to Barndorff-Nielsen (1961), and will be stated below.

Theorem 2.1.1 Let {A,}n>1 be a sequence of events such that liminf P(A,) = 0
and 3 P(Ay N Ay ) < 00. Then

P(limsupA,) =0and P(A,) — 0.

Proof Put B, = Ay N A;_|,n > 1.Then B, € AVn > 1, and P(limsup B,) =0

by the first Borel-Cantelli lemma. By (1.2.12) on page 8,
(limsup A,) N (limsup A%) C limsup B,.
Therefore, inequality (h) of Sect. 1.1 on page 2 implies that
P(limsup A,) < P(limsup B,) + P(liminf A,).

This completes the proof, since P(liminf A,,) = 0 by (1.2.4) on page 7. (I
The above proof suggests the following extension of Theorem 2.1.1.

Theorem 2.1.2 Assume that

(a) P(iminf A,) = 0 (a fortiori, liminf P(A,) = 0); and
(b) P(limsup(A, N A;H)) = 0or P(limsup(A; N A,41)) =0.

Then P(limsup A,) = 0. [l

The paper by Barndorff-Nielsen (1961) contains an application of Theorem 2.1.1.
It is worthwhile to state the following analog of Theorem 2.1.1.

T. K. Chandra, The Borel-Cantelli Lemma, SpringerBriefs in Statistics, 51
DOI: 10.1007/978-81-322-0677-4_2, © The Author(s) 2012
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Theorem 2.1.1" If liminf P(A,) = 0 and Zn P(Afl N A;41) < 0o, then
P(limsupA,) =0. O

There is a short proof of the above result which is due to Balakrishnan and Stepanov
(2010). This runs as follows: For eachn > 1,

P(limsup A,) < P ( U Am) = P(A,) + P(Au1 NAS)
m=n
+ P(Apga NAS  MAG) + -+
o
< P(An)+ D P(AS N Aipy).

i=n

o0
As P(ASN A1) < oo, lim P(ASN A1) =0.So
n + i +
n—oo
n

i=n

o0
P(limsup A,) < liminf P(A,) + lim Z P(ASN Ai1) =0.
n—oo

1=n

Replacing A, by AN A, forn > 1in Theorem 2.1.2, and using
P(limsup A,) < P((limsup A,) N A) + P(AS),

we get a further refinement of Theorem 2.1.2.

Theorem 2.1.3 Assume that

(a) P(iminf(A N A,)) = 0 (a fortiori, iminf P(AN A,) = 0); and
(b) P(limsup(ANA, NA;_ ) =0or P(limsup(ANA; N Apt1)) =0.

Then P(limsup A,) <1— P(A),limsup P(A,) <1— P(A). O
Theorem 2.1.4 (Balakrishnan and Stepanov 2010) If P(A,) — 0 and

o0
D PASNAS N NAL L, N Ay < 00 (2.1.1)
n=1

for some m > 1, then P(A, i.0.) = 0.

Proof Note that for eachn > 1,
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0
P(A,io0) < P ( U Ak)
k=n
= P(An)~|—P(A2ﬂAn+1)+P(AZQA;+1 r_1An+2)+'"
< PA)+PAu)+--+ P(Apym—1)
00
+ D PALNAL N NAS N Akpn)
k=n
— Oasn — oo. ]

The proof of Theorem 2.1.4 shows that

o
P(4, i0) = lim [P(An) + D PG NAG N DA N An+k)} .
k=1

There is a dual of Theorem 2.1.4. Before stating it, we shall give an alternative
proof of Theorem 2.1.4. The rest of this section is due to Riddhipratim Basu, a
graduate student of the Indian Statistical Institute.

Lemma 2.1.1 Let for some m > 1,

m
Cn - ‘U An-&-ja
j=1
By, =A20A0+1ﬂ~-~ﬂAc

n ntm—1 1) Antm,n = 1.

Then
limsup A,, C (limsup B,) U (liminf C,).

Proof Let w lie in LHS. Then w € A, for infinitely many values of n. Let
hn>1:weA,} ={n1,ny,...} wheren; <np, <---

Let k = lim sup{n; — n;_1}.
i—00

Casel k>m+ 1.

Then 3 a subsequence {n;,}j>1 of {n;}i>1 suchthatn; > m+1landn;, —n;;—1 >
m + 1Vj > 1; one can verify this by considering the three subcases ‘k = o0’, ‘k =
m+1,and ‘k >m+2". Thenw € B"ij Vj > 1;for,ifwefixaj>1l,we A,,l.j,
and as ni;—1 <nj; —m— 1, we get by the definition of {n;},>1

—m?

w ¢ A,,i/ w ¢ A,,l.jfmﬂ, RN A"iifl'

—m?

So w € limsup B,,.

Case2 1 <k <m.
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1

Then lim sup{n; — n;_1} < m + 2 so that 3i9p > 1 such that n;, > m + 1 and
i—00

n; —nj_1 <mVi > ig. But then

w € Cy_pVn > ny,.

To verify this, fix an integer n > n;,.3j > 1 such thatn; < n < njy; for some
j > ip. Now note that that w € Anj, and sow € C,_, sincen —m +1 <

njr1 —1 —m+1 < n; which implies that n; € {n —m + 1,...,n} and so
Ch—m D An;.
Hence w € liminf C,,. (]

The above lemma immediately implies the following result.
Theorem 2.1.4" If P(liminf C,) = 0 and for some m > 1, (2.1.1) holds, then

P(Ayi0) =0,

where C,, is as in Lemma 2.1.1. U

Lemma 2.1.2 Let C,, be as in Lemma 2.1.1, and let
By =A,NA,  N---Ay,, for somem > 1.

Then
limsup A, C (limsup B;) U (liminf C,,).

Proof Letw € limsup A, and @ ¢ limsup B;. Then 3 an integer m > 1 such that
o ¢ BiVn > m. Also, 3ng > m such that w € A, and so w ¢ Cp,—1. We assert
that w ¢ C,V¥n > ng — 1. Suppose this is false. Then 3 an integer n; > ng such that
w ¢ Cy,. Hence

w ¢ Anl+ls e, W ¢ Anl+m'

Let ny be the largest integers less than 1 4 1 such that w € A,,. Then

c C C
weAnzH,a)eAn2+2,...,weAn2+m.

(Distinguish between two cases, e.g., nyp +m < nj or np +m > ny; in the latter
case, note that np + m < ny +m.) Thus w € B;';2 but no, > ng > m. This is a
contradiction. [l

‘We have thus proved.
Theorem 2.1.5 [f P(liminf C,,) = 0 and for some m > 1,

> P(B}) < o0,
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then P(A, i.o.) = 0 where C,, and B} are as in Lemma 2.1.2. U
We can combine Theorems 2.1.4" and 2.1.5 in the following way:

Theorem 2.1.6 If P(liminf C,,) = 0 and
P(limsup B,) = 0 or P(limsup B)) =0,

then P(A, i.0.) = 0 where Cy, B, and B) are as in Lemmas 2.1.1. and 2.1.2. [

Remark 2.1.1 This remark is related to Theorems 2.1.4 and 2.1.5. Suppose that
P(A,) — 0and

> P(ByN By NN Byym) < 00

where each B; is either A; and Af and at least two of the B; fori =n,...,n+m
are the corresponding A;. Then it need not true that P(A, i.o.) = 0. For, we have
the counterexample : Let {A,},> be independent and P(A,) = %, n > 1; then the
above conditions hold, but P(A, i.0.) = 1.

We now give two applications of Theorem 2.1.1.
Example 2.1.1 Let {X,},>1 be pairwise independent, and assume that for each
>
n=l PX,>u)=e % 0<u<oo.
(a) Show that
limsup(X,/logn) =1 a.s. and liminf(X,/logn) =0a.s. 2.1.2)

(b) Let X(;) = max(Xy,...,X,),n > 1.If {X,},> is independent, then
X@y/logn — la.s.

Solution: (a) By the Borel-Cantelli lemmas, we have
P(X, > alogni.o.)=0or1 accordingasa > lor0 <a < 1.

This implies the first part of (2.1.2). Since for any a > 0, P(X,, < alogn) — 1,
and so > P(X, < alogn) = 0o, P(X, < alogn i.o.) = 1Va > 0. Therefore,

liminf(X,/logn) <0a.s.
which is tantamount to the second part of (2.1.2).
(b) By Example 1.6.25 (a) on page 48, the above arguments yield that P(X,) >

alogn i.o.) = 0 and hence

lim sup(X,y/logn) < 1 a.s.
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We show below that lim inf (X ,)/logn) > 1 a.s. For this, it suffices to show that
P(X(,) > alogn eventually) =1 foreacha € (0, 1). By Theorem 2.1.2, it is enough
to show that, for0 <a < 1,

ZP(AnﬂAle) <ooand P(AS i) =1, (2.1.3)
where A, = [X(;) < alogn],n > 1. By Example 1.6.25 (a), we have

P(A; i0) = P(X, >alognio.)=1for0<a<1.

Finally,

oo o
D P(ANAL ) =D P(AyN[Xupr > alog(n + D))
n=1

n=1

> P(A)P(Xpy1 > alog(n + 1)

n=1

=D A=n" ' +D

n=1

o
< Zn_“ exp(—n'~%)

n=1

o0 n

Z / x " %exp(—x'"%dx  (why?)
n=1 n—1

= f;oo x4 exp(—x'"9)dx
= J e dy/d—a)=1/(1—a) < oco.

IA

Example 2.1.2 Let {X,} be pairwise independent and each X, follow N(0; 1)
distribution.

(a) Show that

lim sup(X,/(y/2logn)) = 1 a.s., and liminf (X, /(y/2logn)) = —1 a.s.
2.1.4)

(b) Show that, if X(,;) = max(Xy, ..., X,),n > 1and {X,},> is independent then

Xwmy/v/2logn — 1 a.s.

Solution: We shall use the inequality (1.8) on page 175 of Feller (1968).

(a) Since P(N(0; 1) > x) < \/% exp(—%xz) for x > 1, we have

P(X, > ay/2logn) =0or 1 accordingasa > lor0 <a <1
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which implies the first part of (2.1.3). Replacing X,, by —X,, foreachn > 1, we
get the second part of (2.1.3).

(b) Following the steps of Example 2.1.1 (b), it suffices to show that for each a €
O, 1

D P(ANAL) < o0

where A, = [X ;) < a+/2logn],n > 1. To do this, note that for a suitable m > 1

o0 o0 1 n
Z P(A,NA) < Z (1 - exp(—d? logn))
—m ! n=m, 2a+/2m /2 logn
x = exp(—a®log(n + 1)) 2.1.5)

(0.¢]
<d z n=a’ exp(—cn_”zH/w/log n)
n=m

where ¢ > 0, d > 0 are suitable constants. In (2.1.5), we have used the fact that

1, (1 1
exp(—Ex) gl | forx > 1

X

1
P(N@O; 1) > x) > N
and m is an integer such that (1 — 1/(2a*logn)) > 1/2 Vn > m. Since

n= exp(—cn(l_az)/\/@) < n™? for all sufficiently large n
which is implied by the following fact
exp (cn(]*“z)/\/@) /nz*“2 — oo foreacha € (0, 1),
(Proof take logarithm of both sides and use the fact that
n"‘(logn)_ﬂ — ooifa >0,8>0.),

the desired result follows. O

2.2 Another Result of Barndorff-Nielsen

Theorem 2.1.1 is a special case of

Theorem 2.2.1 If {A,},>1 is a sequence of events such that P(A,) — 0 and

> P(A, N A;Hn) < oo for some sequence {v,},>1 of positive integers, then
P(A,io0.)=0.
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Proof For every k > 1, define a sequence of integers {ix ,},>1 as follows:

P k ifn=1;
= it + v, ifn > 2.

We have P(A, N A}, i.0.)=0.As

Aty N Ay = Aig, N A

ik,n ik.n+1

we have, by Theorem 2.1.1, P(A;,, i.0.(n)) = 0. So

P (N5 A;,,,) = 0and hence P (U2, N2 A, ) =0.

The proof will be complete if we show that

limsup A, C (U2, M2y A, ) ULAL N A5, Qo]

c
lk,n+vik,n ’

2 Extensions of the First BCL

To this end, let w € limsup A, and @ ¢ lim sup(A, N A, ). Then 3 an integer
m > 1 such thatw ¢ A, N Aj,, Vn > m. Let p > m be such that € A). So

w € Ap+vp = A,’py2 and hence

w € A,'p_z + Vipo = A

ip3>

ip‘n

oo
and soon. Thusw e N A
1

n= k=1n=

2.3 Results of Loeve and Nash

oo o0
andsowe U N Aj,.
| ik

We shall first discuss a result of Loeve (1951), as stated in Nash (1954); it gives a

necessary and sufficient condition for P(limsup A,) = 0.

The necessary part runs as follows: If P(limsup A,) = 0, then there exists an

integer m > 1 such that whenever n > m,

P(ASNAS, N---NAS_)>0 Vk>n

and

(9]
i, > ok =0
=n

where fork > n

pnik = P(Ak]A; N Afz-H N---NA7_), and p,, = P(Ay).

(2.3.1)

(2.3.2)

(2.3.3)
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For a proof, first recall from the remark after the proof of Theorem 2.1.4 that

o0
P(limsup A,) =0 & lim_ |:Pnn+ > P(A,‘m--ﬂAz_mAk)] =0.
k=n+1

As P(limsupA,) = lim P ( oLj Ak) = 0,3 an integer m > 1 such that
n—00 k=n
P ( U Ak) < 1¥n > m. Then (2.3.1) holds, since
k=n
00 C
(A,N---NA_) D (ku Ak) )
=n

Now note that if k > n,

Puk < P(AS Q-0 AS mAk)/[l —P(Olj Ak)]
k=n

so that
o0 o0
o0
ank < |:P(An) + Z P(ASN---NAS_ N Ak)] / [1 - P (ku Ak)}
k=n k=n+1 =

and hence (2.3.2) follows by letting n — oo in the above inequality.

The converse runs as follows: If 3 an integer m > 1 such that (2.3.1) holds and
if (2.3.2) holds, then P(limsup A,) = 0. For a proof, we need to only note that if
k>n,

P(A,N---NA;_| NAL) < puk.

We next turn the main result of Nash (1954). We first introduce a notation. Let
AY = A€ and A! = A, and define

o
A€ = N Ay
n=1

where each €, is O or 1 and € = (€, €3, .. .); here {A,},>1 is any given sequence of
events. Let

H = {e : ¢, = 1 for finitely many values of i},
Hy={e€ H:P(A]'N---NAT)>0 Vn=>1}.

Then it is well known that H is countably infinite. Clearly,
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P( U Af) =0. (2.3.4)

ecH\Hy

Next, assume that € € Hp. Then P(AelAf1 N---N A" is well defined for each
n>1, and

00
P9 = PAD T (1= P (4145 0 nag))).
n=2

Thus, using Theorem 8.52 on page 208 of Apostol (1974),

o0
P(A)=0& > P (A}ff"|A§‘ n---N AZ”_]‘) =00
n=2

oo
& D P (AAT N NAT) =00
n=2

since € € H and hence A,lfe” = A, for all sufficiently large n. Now observe that
liminf A = U{A¢|e € H} since

o € liminf A{ < 3Jan integer m(w) > 1 such that w ¢ A,Vn > m(w)
< w € A€ for some € € H.

Thus,

P(liminf A) =0 & P ( U A‘) =0 (by(2.3.4))

ecHy
& P(A€) =0 Ve € Hy
& > P(AL|AT NN AYY) = ooVe € H.

We have thus proved the result of Nash, namely, P(limsup A,) = 1 iff > P
(Ap]AT' N -+ N A|) = coVe € Hy. A related result is given in Bruss (1980).

We next give an application of Nash’s result. There are two urns each containing
a red and b black balls. A ball is drawn at random from the first urn. This is repeated
until a black ball is drawn. Each time a red ball is drawn from the first urn, the number
of balls in the second run is doubled by putting in as many red balls as there are balls
of either color in the second urn before. Once a black ball is drawn from the first urn,
all further draws are made at random from the second urn with replacement after
each draw, and no further change is made in the composition of the contents of the
second urn. Let A, be the event of drawing a black ball in the nth trial. We show
below that P (lim sup A,) = 1. Note that

1/2 ifn < k;

€ € €n—1
P(AAT NAZ N AT) =10 _—
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where k > 1 is such that a black ball is drawn for the first time at (k — 1)th trial. (This

is true, because the second urn will contain 2k balls at the kth trial and thereafter,

2% —1red and 1 black balls.) Then Py = inf1 P(A,|A1N---NA,_1) =27" > 0; but
n>

> p, =1 < o0, so that the hypothesis of Borel’s criterion (stated in the historical
remarks on page 18) does not hold. However,

D P (AWAT NN A) = ooVe,

and so P(limsup A,) = 1.
We conclude this section with a result of Martikainen and Petrov (1990).

Theorem 2.3.1 (Martikainen and Petrov 1990) Let 0 < o < 1.
(a) The following are equivalent:

(i) P(Ayi.0)>a.
(ii)) > P(A, N B) = oo for any event B satisfying P(B) > 1 — a.
(iii) P(A, N B) > 0 for infinitely many values of n for every event B satisfying
P(B)>1—a.

(b) The following are equivalent:

(iv) P(Api.o) =«

(v) Statement (ii) holds and for each ¢ > 0,3 an event By such that P(By) >
l—a—€eand > P(A, N By) < o0.

(vi) Statement (iii) holds and for each € > 0,3 an event By such that P(Bgy) >
1 —a —eand P(A, N By) = 0 for all sufficiently large n.

Proof (a) See Petrov (1995, p. 201).

(b) (v) = (iv): Clearly, P(A, i.0.) > « by (a). If possible, let P(A, i.0.) > «.
Then 3 an € > 0 such that P(A, i.0.) > a + €. By (a), > P(A, N B) = 00
for every event B satisfying P(B) > 1 — o — €. This contradicts the second
condition of (v).

(vi) = (v): This is clear.

(iv) = (vi): Clearly, Statement (iii) holds by (c). If possible, let the second condi-
tion of (vi) fail. Then 3 an € > 0 such that P(A, N B) > 0 for infinitely many value
of n for every event B satisfying P(B) > 1 —«a — €. Then P(A, i.0.) > o + € by
(a), contradicting (iv). O
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Chapter 3
Variants of the Second BCL

3.1 Pairwise Independence

We shall show here that the second Borel-Cantelli lemma holds for a sequence of
events which are pairwise independent. Actually, weaker conditions will suffice.
Theorem 3.1.1 (Chandra (1999)) If
P(A; N Aj)
< (1 P(A)+c2P(A))P(Aj_;)) +c3P(A)P(Aj) forl <i < j,

where c1, c3 are non-negative reals and c3 € R, and 3 P(A,) = oo, then ¢ =
c3+2(c1 +¢2) = 1land P(limsup A,) > 1/c.

Proof Fix anintegerm > 1. Lets, = Z;":':f P(Aj)forn>1.As > 2 P(A;) =
o0, dng > 1 suchthats, > 0Vn > ng. Then for n > ny,

[} m+n S,%
Pl UA )=>=P|UA)=> m+n
i=m i=m sp sz —c3 2 (P (A))?

by Lemma 1.4.1, p. 25. Letting n — oo, we get P (OLj> Ai) > 1/c since s;, — 00.
=m

So ¢ > 1. Now letting m — oo, we get the desired result.

Special cases of Theorem 3.1.1 have been discussed by several authors. See, e.g.,
Erdos and Rényi (1959), Chow and Teicher (1997 Exercise 16, p. 102), Chung (2001
Exercise 11, p. 83), Lamperti (1963), and Petrov (2002).

Following theorem is now immediate.

Theorem 3.1.2 (Borel’s Zero-One Law) Assume that either (a) or (b) below holds:
(a) {An}u>1 is pairwise NOD ( a fortiori, {A,} is pairwise independent);
(b) da > 0and B > Owitha + B = 1 such that

T. K. Chandra, The Borel-Cantelli Lemma, SpringerBriefs in Statistics, 63
DOI: 10.1007/978-81-322-0677-4_3, © The Author(s) 2012
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1
P(AiNA)) < S@P(A) +BPA)P(Aj) for 1 =i < .

Then P(limsup A,) = 0 or I according as D, P(A,) converges or diverges.

(For an alternative proof of Theorem 3.1.2 (a), see p. 73 of Khoshnevisan (2007)).

The above result is only one of the many 0-1 laws of probability theory. However,
it is not a consequence of any such 0-1 law, since it deals with a dependent sequence
of events.

The next result is a classical one, and is a special case of Theorem 3.2.1 below. So
we shall not prove it now; see Rényi (1970 p. 391). For applications, see Billingsely
(1995 p. 89).

Theorem 3.1.3 (Erdos and Rényi (1959)) If >, P(A,) = oo and

(Z?:l P(Ai))z

>1, (3.1.1)
2 2<ij<n P(AiNA))

lim sup

then P(limsup A,) = 1.

The above theorem implies the extension of the second Borel-Cantelli lemma for
pairwise NQD events. To see this, assume that P(A; NA;) < P(A;))P(Aj) Vi # j
and >_ P(A,) = oco. Then

ZZP(A ﬂA)<ZP(A)+ S PANPA)

i=1 j=I 1<i#j<n

= Z P(A) + (Z P(Ai)) — Z(P(Ai))2
i=1 i=1 i=1

< (Z P(A»)(l + P(Ao)
i=1 i=1

so that 3.1.1 holds. Hence P(limsup A,) = 1.
Remark 3.1.1 Let Ny = " I4,,n > 1. Then

Var(N,) = Z Z P(A;NA; )—(ZP(A ))

I<i<n 1<j<n

so if Z?:l P(A;) > 0, then the ratio in 3.1.1 is <1. Thus in Theorem 3.1.3, the lim
sup on the right side of 3.1.1 is actually 1.

Example 3.1.1 (Newman) Let {X,} be iid Bernoulli variables with P(X| = 1) =
p, p > 0. We say that a success run of length m > 1 occurs at trial n iff
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Xn = 1,...,Xn+m,] == 1, Xn+m :O

Let L, be the length of the success run at trial n (L,, = 0 iff X,, = 0).

(a) Letr, > 0 be integers. Show that P(L, > r, i.o.) = 0 or 1 according as the
series > 2 | p'" converges or diverges.
(b) P(imsup(L,/logn) =1/(—logp)) =1, 0<p < 1.

Solution:

(a) Clearly, P(L,, > r,) = p™. So it suffices to show that P(L,, > r, i.0.) = 1 if
2. p™ = oo.

To this end, let A, = [L, > r,],n > 1. Suppose that j + r; < k; then the
events A; = [X; = 1,...,er+j =1land Ay = [Xx = 1,..., Xp ik = 1]
are independent so that P(A; N Ay) = P(A)P(Ap). If j < k < r; + j and
m = max{j +rj, k + r¢}, then

AiNAr=[X;=1,..., Xy =1]

so that ‘ ' ‘
P(Aj N Ay = p" T < pktne=itl — pk=ip(Ap).

Observe next that if s, = > _; P(A;),

n

DD PANA) <si+2 D P(AjNAY+2 D P(A;jNAp).

j=1 k=1 j+k§n j<k§n.
Jrj<k ksrj+j

The second term on the right side is < s,%, while the third term on the right side is
< (1 — p)~'s,. Hence

the ratio in (3.1.1) > 1/{(1 + (1 — p) Hs 1 + 1} - 1

so that 3.1.1 holds. By Theorem 3.1.3, P(L, > r, i.0.) = 1.

(b) Letr, = 0 be areal, n > 1. Then > p™ and > pl"" either both converge
or both diverge. Consequently, by (a), P(L, > r, i.0.) = 0 or 1 according as
> p"n converges or diverges.

Put o = —logp. Let € > 0. Taking r, = ((1 + €)/a) logn, and noting that
P = exp(—ar,) = n~1+9 we get

1
P(Ln> te

logn i.o.) =0,

and so
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L 1
P(limsup =< te

< ):1, Ve > 0;
logn o

putting e = 1/i fori > 1, we have

: Ly
P { lim sup <l/a)=1.
logn
Next, taking r, = (1/) logn, we get

1
P (Ln > —logn i.o.) =1
o

thus

) Ly
P <hmsup > l/oz) =1. (3.1.2)

logn

Example 3.1.2 Let {X,},>1 be a sequence of strictly positive, integer valued iid
random variables, and let £; = [X| + --- + Xy = i for some k > 1],i > 1. Then,
clearly,

P(E;NEj)=P(EHP(E;_), 1 <i <.

Let {m,},>1 be any subsequence satisfying ZZO=1 P(E,,) = oo. Then P(E,,
i.o.(n)) > 1/2 > 0 by Theorem 3.1.1. An application of the Hewitt-Savage zero-
one law (see Billingsley (1995 p. 496)) now shows that P(E,,, i.o.(n)) = 1.

3.2 Extended Rényi-Lamperti Lemma

Here we investigate those cases where > P(A,) = oo but P(limsupA4,) > 0.
These constitute partial converses of the first Borel-Cantelli lemma.

The following result is a special case of a result of Kochen and Stone (1964). We
give a direct proof. See, in this connection, Spitzer (1964 p. 319).

Theorem 3.2.1 (Extended Rényi-Lamperti Lemma) Let
Z?:l 27:1 P(AiNAj) _
5 =
(221 P(AD)

and " P(A,) = 0o. Then ¢ > 1 and P(limsup A,) > 1/c.

lim inf

C?

(The Rényi-Lamperti lemma concludes that P (lim sup A,) > 2 —c; see Billings-
ley (1991, p. 87).)

Proof Let0 < € < 1. Define
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o n n
N=>"Ia. No=D Ip. sn=EWN) = P(A).n=1.
n=1 i=1

i=1

Let B, =[N, > € s,],n > 1. Note that [N = oco] = limsup A, and

E(N?) = anzn:P(Ai NAj, n>1.

i=1 j=1
Also,

P(N > €s,) > P(N, > €sy)
> (11— e)z(E(Nn))z/E(N,f) by Paley-Zygmund's inequality.

Since s, 1 o0,

(E(Np))?

_ _ 2
END) =1 -éY/e.

P(N =00) =lim P(N > € s,) > (1 — €)* lim sup

Letting € — 0, we see that the desired inequality is true.
That ¢ > 1 follows from the fact that if s, > 0, then the ratio in (3.1.1) is < 1.

Alternative Proof. (Due to Yan (2006))
This is based on the Chung-Erdos inequality. We shall use the above notation.
Note as E(N,) — o0, E(N,f) — 00. Now note that

> > PAINA)) < E(N2) — E(N2).

i, j=m+1
So by the Chung-Erdos inequality,

P( U Ak)zP( U Ak)‘v’nzm—i—l
k=m+1 k=m+1

> (E(Np) — E(Nw)?/(E(N?) — E(N2)).

So 5
E(N,
P( oLj Ak) zlimsup%.
k=m+1 n— 00 E(Nn )
Letting m — oo, we get the desired inequality. (]

Note that if 32, P(A;) = oo,
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(X1, P(AD)’
21 2= P(AiNAj)

Dicicjn PADP(A))
Zlgi<j5n P(AiNA)) ,

lim sup

= lim sup

for,as 3", P(A;) — oo, and

n 2 "
(Z P(Ai)) <2 Z P(Al')P(Aj)‘l‘ZP(Ai)
i=1

I<i<j<n i=1
we have ;
lim 2.i=1 P(A) -
Zl§i<j5n P(ADP(A))
and

S (P(A)?
21§i<j§n P(Ai)P(Aj)

lim
Theorem 3.1.1 is a special case of Theorem 3.2.1, since then
n n n
DD PAINA) <sy+esy—c3 D (P(A))
i=1 j=1 i=1

(see the proof, on p. 25, of Lemma 1.4.1) where ¢ = ¢3 + 2(c1 + ¢2), and the ratio
in (3.1.1) > s2/(sp + cs2 — c3 20— (P(A)?) — 1/c.

Theorem 3.2.2 (Petrov (2004)) Let Z;’il P(A;) = oo and H be a real number.
Put
D<icjn(P(AiNA)) — H P(A)P(A)))
5 .
(Z?:l P(Ai))

Then P(limsup A,) > 1/(H + 2ap).

oy = liminf 3.2.1)

Proof (Due to Yan (2006)) Note that, if s, = >/, P(A;),

n n
H + 2ay = liminf ZZP(AiﬂAj) /s2 —1/sp
i=1 j=1

+H (Z(P(A,-»Z) /s,%]

i=1
S P(ANA)
(X0, P(A))°

Thus Theorem 3.2.1 completes the proof. [

= lim inf
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The following result, due to Ortega and Wschebor (1983), follows from Theo-
rem3.2.2. This paper contains an application as well.

Theorem 3.2.3 Let >, P(A,) = oo and o) < 0 where oy is given by (3.2.1). Then
P(A,io0.)=1.

On the other hand, Theorem 3.2.2 follows from the next one.

Theorem 3.2.4 Chandra (2008) Let > P(A,) = oo and let

lim inf 21z <iz (P D Aj)z_ “)
(ZISiSn P(Ai))
where

ajj = (c1 P(A)) +c2 P(Aj))P(Aj_;) +c3 P(ADP(Aj), 1=<i<],

c1 > 0,c3 > 0 and c3 being constants (L may depend on cy, ¢ and c3). Assume
that L is finite. Then ¢ +2L > 1 and

P(Apio)>1/(c+2L)

where ¢ = c3 + 2(c1 + ¢2).
Proof As seen in proof of Lemma 1.4.1 on p. 25,

1 n
D @i =5 esy—c3 D (P(ADY,
i=1

I<i<j<n

where s, = > ' P(A;),n > 1. So,
n n
c+2L =liminf { D" D" P(A; N Aj)/sp
i=1 j=1

—1/sn + c3 (Z(P(Ai»?) /s,%]

i=1
2o 2o P(AiNA))
(X1 P(An)’

Thus Theorem 3.2.1 completes the proof. (]

= liminf

Itis needless to remark here that Theorem 3.2.2 (and hence Theorem 3.2.4) implies
Theorem3.2.1 (take H = 0). Also, Theorem 3.2.4 implies Theorem 3.1.1.
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3.3 Results of Kochen and Stone

In this section, we shall discuss the finding of Kochen and Stone (1964). We begin
with an inequality based on Paley-Zygmund’s inequality, p. 24.

Lemma 3.3.1 Let each of the X, has non-zero finite mean. Then
P(lim sup(X,,/E(X,)) > 0) > lim sup((E (X,))%/ E(X2)).
Proof PutY, = X,/E(X,),n>1.Then E(Y,) =1.Let0 < ¢ < 1. Then

P(limsupY, > c) > limsup P(Y, > ¢)
> (1 —¢)*limsup(E(Y?))~! by Theorem 1.4.3 (b).

Now let ¢ = 1/m and then let m — oo. (]

Now assume that each of the X,, has non-zero mean and positive finite second
moment, and that
lim sup((E(X,))?/E(X2)) > 1. (3.3.1)

Then liminf (var(X,)/(E(X,))*) < 0. We now show that 3 a subsequence
{nk}r=1 of positive integers such that Vk > 1

var(X,, )/ (E(X,))? < 1/k%. (3.3.2)

To this end, we shall use the mathematical induction on k. As
liminf(vaI(Xn)/(E(X,,))z) <1,
we must have var(X,,) /(E(X,))? < 1 for infinitely many values of n. So 3 an integer
n1 > 1 such that (3.3.2) holds for k = 1. Now, suppose that In; < ny < -+ < ny,
such that (3.3.2) holds fork =1, ..., m. As
lim inf (var(X,,)/(E(X,))?) < 1/(m + 1),
we can conclude as above that 3 an integer n,,+1 > n,, such that (3.3.2) holds for
k=m+1.
Then > var (X,,)/(E(X,,))? < 0o so that
Xn, /E(X,,) — 1a.s. by Theorem 1.5.1 (c), p. 26.

Hence
liminf(X,/E(X,)) <1 <limsup(X,/E(X,)) a.s.
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If, furthermore, E(X,) — 00, then it follows that lim sup X,, = oo a.s. We have,
therefore, obtained the following extension of the Erdos-Rényi Theorem: Assume
the setup of Theorem 3.1.3; then

lim sup(N, /sp) > 1 a.s.

where we have used the notation of the proof of Theorem3.2.1.
Assume next the setup of Theorem 3.2.1. Using the notation of the last paragraph,
note that as E(N,) — oo,

[lim sup(N,/E(N,)) > 0] C [N, — oo] = limsup A,;

so Lemma3.3.1 implies Theorem 3.2.1.

Theorem 3.3.1 Let each of the X, have non-zero mean and positive finite second
moment. Assume that lim sup((E(X,))?/E(X2)) > 0. Then

(a) P(iminf(X,/E(X,)) <1) > 0; and
(b) P(imsup(X,/E(X,))>1) > 0.

If, in addition, lim inf (X, /E(X,)) and lim sup(X,,/E (X)) are a.s. constants, then
liminf(X,/E(X,)) < 1 a.s.,and limsup(X,/E(X,)) > 1 a.s.

Proof LetY, = X,/E(X,),n > 1. Then E(Y,) = 1 and M := liminf E(Y?) <
oo.Leta > 0, and Z, = Y, I[y,<q), n = 1. Then
1= E(Y,) < E(Z))+ EX ly,>a)/a < E(Z,) + E(Y?)/a.

Thus
1 —M/a <limsup E(Z,) < E(limsup Z,) < E(limsup Yy,)

by Fatou’s lemma applied to {(a — Z,,)},>1; here we have used the fact that Z,, < Y,
which is immediate from Y, — Z, = Y, I|y,~q] = a > 0. Letting a — oo, we get
E(limsupY,) > 1 sothat P(limsup Y, > 1) > 0. This establishes (b); the proof of
(a) is similar. (Il

For the next corollary, we need a definition.

Definition 3.3.1 A sequence {E,},>1 of events is called a system of recurrent
events if there exist iid positive integer valued random variables {Y,},>1 such that
foreach k > 1

Ey=[Y1+---+Y; =k forsome j > 1].

For such a system, one has P(E; N E;) = P(E;))P(E;_;) forl <i < j.

Corollary 1 Let {E,},>1 be a system of recurrent events. Let {m,},>1 be a subse-
quence such that )" P(E,,,) = co. Then
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(Zlgkgn P(Emk))2

lim sup
Z]§i<j§n P(Em,')P(Emj—mi)

>0 (3.3.3)

and so with probability 1,

o M, . M,
liminf =—————— <1 <limsyp—=———"——
Zlfkfn P(Emk)

Di<ken P(Emy) — : (3.3.4)

where M,, denotes the number of Ey,,, ..., Ey, which occur.

Proof 1t is immediate from the last part of Theorem 3.3.1 (take X,, = M,) and
the Hewitt-Savage 0-1 law (see, e.g., Billingsley (1995, p. 496)). See, also, Example
3.1.2. O

Example 3.3.1 Let Ej be the event that the simple random walk in one dimension
is at the origin at time 2k (k > 1). The Ej form a system of recurrent events and
P(Ey) ~ (k)12 1f my, is the nth prime number, then >, _, my % = co. Thus,
with probability 1, the simple random walk is at the origin at time 2p for infinitely
many primes p. The same method shows that this result holds for the simple random

walk in R? where P(Ey) ~ (k)L

Example 3.3.2 Let Ej. be the event that the simple random walk in R? hits the point
(k,0,0),k > 1. Then P(Ey) ~ ck~! for some positive constant ¢ (see, e.g., [td and
McKean (1960)). The Ej are not recurrent events, but one has

P(E; N Ej) < (P(E})+ P(Ej))P(Ej_i) forl <i < j.
Let m, be the nth prime number. Then the Hewitt-Savage 0-1 law implies that
(3.3.4) is valid. In particular, with probability 1, the random walk visits (p, 0, 0) for

an infinite number of primes p. This result was first suggested by 1t6 and McKean
(1960) and was verified by Erdos (1961) and Mckean (1961).

3.4 Results of Chandra (2008)

In this section, we derive another version of the second Borel-Cantelli lemma under
a suitable dependence condition using Chebyshev’s inequality.

Lemma 3.4.1 Let {X,},>1 be a sequence of non-negative random variables with
finite E(X?2), and put S, = >0 Xi,n > 1. Assume that y_ E(X,) = 0o and

lim inf var(S,)/(E(S,))> = 0. (3.4.1)

Then P (352, Xp=00) = 1.
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Proof Note that

P(Z X, < oo) = limP(Z X, < %E(Sn)) as E(Sp) 1 00
n=1 n=1

1
< liminf P(S, < EE(Sn))

1
< liminf P(|S, — E(S,)| = EE(SH))

4var(S,) ) .

—_— O
(E(Sn))?

< lim inf (

Lemma 3.4.2 Let {X,},>1 be a sequence of non-negative random variables with
finite E(X%), and put Sy, = > Xij,n > 1. Assume that ) E(X,) = 00.

(a) Assume, furthermore, that

> EXP) < kaE(S))Vn = 1, (3.4.2)
i=l1
D> cov(Xi X)) - lZ(E(Xi))Z < E(Sy) Vn > 2 (3.4.3)
j=2i=1 2 i=1
and
lim inf ((ky + 2¢4)/E(Sy)) = 0. (3.4.4)

Then P (302, Xp =00) = 1.
If0 < X,, <k, Vn > 1where {ky},>1 is nondecreasing, then (3.4.2) holds.

(b) If0 < X,, < k,VYn > 1 where {k,},>1 is nondecreasing, and {q(n)}u>1, {an}n>1
and {b,},>1 are non-negative sequences such that

o (E(X))? . o
cov(X;i, X)) <q(j—ida;i +bj) + —L—if 1 <i < j, (3.4.5)
2(j = 1)
(i a0 (S e+ k) e
1m in (E(Sn))2 — Y, ( S )
and
kn/E(Sy) — 0, 3.4.7)

then P (32 Xp =00) = 1.



74 3 Variants of the Second BCL

Proof (a) This is immediate from Lemma3.4.1: For, if n > 2

n j—I

var(S,) = Z E(X?) +2 Z Zcov(xl, X;) - Z(E(X ))?

i=1 j=2i=1 i=1
< (ky +2cn) E(Sp).

For the last part, note that >/, E(Xl.z) < >0 | E(Xiki) < ko E(Sy).
(b) This follows from Part (a) and the following observation: If n > 2,

n j—1
DD covXi X)) — 5 Z(E(X )’
j=2i=1
n j—1 12

=

M- ]
N

CI(J' —i)(ai +0bj)
1

=Z (k) Z (@j—x + b))

1 Jj=k+1

-1
Z (k) Zal—i-Zb : O

:\.
1
»—I\)
Il

The following result is now obvious.
Theorem 3.4.2 (a) Let {A,},>1 be a sequence of events such that > P(A,) = oo

and foreach 1 <i < j,

(P(A)*
P(AiNA}))—PADPA)) — ———— G -1

<q(j—D[P(A) + P(Aip1) + P(A)) + P(Aj-D], (3.4.8)

L 27_11‘1(1')
liminf [ ==L forti § (i) = oo
imi (Zz P AD aorzorzl lqz

Then P(limsup A,) = 1.
() If > P(Ap) = 00, (3.4.8) holds for | <i < jand 3 aninteger m > 1 such
that

and

P(A;NAj) < P(A)P(A))ifli—jl>m

then P(limsup A,) = 1.
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(In Lemma3.4.2 (b), take a,, = E(Xm) + E(Xim+1), bm = E(Xin) + E(X;n—1)
where X, = I4, forn > 1, so that

n—1 n
D ai S2E(Sy), D bj < 2E(S,).)

i=1 j=2

3.5 A Weighted Version of BCL

We first note an extension of Paley-Zygmund’s inequality. So let b < E(X), E(X)
be finite and P(X = 0) < 1. Let p > 1. Then

P(X > b) > [(E(X) — b)PJE(IX|P)]"/P~D, (3.5.1)
For a proof, note that
0<EX)—b< EXIix=p) < E(X|I;x=p) < (E(XIP)NYP(P(X > b))r=D/P

by Holder’s inequality, and we are done.

Xie (2008) stated (with a wrong proof) a bilateral inequality on the Borel-Cantelli
lemma. Later Xie (2009) stated (with an incomplete proof) the following general
bilateral inequality for a bounded non-negative sequence of random variables. See,
also, Hu et al. (2009).

Theorem 3.5.1 Let {X,},>1 be a uniformly bounded sequence of non-negative ran-
dom variables, and assume that 3, E(X,) = oo. Thenfor p > 1or0 < p < 1,

P(limsup{X, # 0}) > limsup 7} p; (3.5.2)
n—oQ
for p <0
P(lim sup{X, # 0}) <liminf 7}, ,. 3.5.3)
n—oo
Here
To.p = [E(SY)/(E(S))P1/ =P (3.5.4)

where Sy = >0 Xi,n > 1.

However, T, , > 1if p < 0 by (1.4.5), p. 23. Hence the upper bound in (3.5.3)
is trivial. (Note that 7, , < 1 for p > Oand p # 1.)
We now prove an extension of the above theorem when p > 1.

Theorem 3.5.2 (Liu (2011)) Let {X,}n>1 be a sequence of non-negative random
variables satisfying > E(X,) = oo. Then for p > 1,


http://dx.doi.org/10.1007/978-81-322-0677-4_1

76 3 Variants of the Second BCL

oo
P(Z Xp = oo) > limsup,,_, Ty, p
n=1

where T, , is given by (3.5.4).

Proof LetS, =>"_,X;,n>1,and0 < a < 1. Then

P(Z X, = oo) = ’1132013(2 X, > aE(Sn)) as E(Sp) 1 00

n=1 n=1

> limsup P(S, > aE(S,))

> (1 —a)?’ P~ Dlim sup,_, . T

by (3.5.1) with X = S, and b = aE(S,). As a € (0, 1) is arbitrary, the proof is
complete. (]

Let X, be as in Theorem 3.5.2. As
o
[Z X, = oo:| C lim sup[X, # 0],
n=1

we have, taking p = 2 in Theorem 3.5.2,

P(lim sup[X, # 0])

o 27 o wiw; E(X)E (X))
> lim sup
20 j=1 wiw E(X X )

where each w, is nonnegative and nonrandom. The next result generalizes the
above inequality, and is based on ideas of Feng, Li, and Shen (2009).

Theorem 3.5.3 (Weighted version of the extended Rényi-Lamperti Lemma) Let
{Xn}n>1 be a sequence of integrable random variables such that

. n
nlggozizl X; = 00 or —o0. (3.5.5)

Then

n )2
(2ot EX) ) (3.5.6)

Pl X op >l =
(Him suplXn 70D = 1msuP(Z?,j:lE(X,-Xj)

Proof We shall first prove the following facts.
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A

is positive semi-definite where A and B are square matrices, then

(i) If the matrix,

(T(C)* < T(AI(B),

where, for any matrix E, I'(E) is the sum of all its entries.
(i1) Under (3.5.5),

" EXiX))
lim z/—l—’ =1; and (3.5.7)
n—00 Zi,jzz E(X;X;)

n )2 : ))*
(X7 E(XD) = lim supw Vmz2.

limsup ————— = >
ZZ,‘:1 E(XiX;) Z?,j:m E(X;X;)

To prove (i), note that for reals x, y,

A C
Of(x,...,x,y,...,y)(CTB) (x,...,x,y,...,y)T
=T (A)x?> +2I'(C)xy + I'(B)y>.

To prove (ii), note that the matrix

Fy = (E(Xin))nxn = |:AIXI Cr ]

Cl Bu-x(-1)

is positive semi-definite. So by (i), (T'(Cp))? < AT(B,) VY n > 1.
By Schwarz’s inequality, I'(B,) > (37, E(X;))? — 00,andso A/ T'(B,) — 0
and I'(C,)/T'(B,) — 0. So

I'(F,)  A+T(By)+2I(Cy)
I'(B,) I'(By,)

— 1,

establishing (3.5.7). The last part now follows.
We now prove the theorem. Note that

P(lim sup[X, # 0])
— lim lim P (kG (X 7501)

(i EC0)’
2 jem E(Xi X))

m—0o0 »_se0

> lim lim sup(
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n 2
. p(w) o

n—00 Zﬁj:l E(Xin)
Remark 3.5.1 Replacing each X; by w; X; fori > 1 where {w, },>1 is a sequence of
real-valued random weights, one gets the weighted version of the extended Rényi-
Lamperti lemma. This inequality is sharp, as shown by the following example.
Let A, B be two events such that P(A U B) > 0. Let
Asp_o=A, A3z,_1=A3, =B forn>1.
Take X,, = I4, Y n > 1 and consider the weight sequence {w,},>1 as

L1, =14, 1,1, =14, 1,1, =14, ...

Then Z:i] E(w,X,) =lim, oo n P(AU B) = 00, and limsup A, = AU B.
By the above-mentioned inequality,

2 _ 2
P(limsup A,) > lim z 2(P(A) OB HAn)
n—oo n*(P(A)+ P(B) — P(AN B))

= P(AUB) = P(limsup A,).

3.6 Weakly %-Mixing Sequence

This section is based on Blum et al. (1963).

Definition 3.6.1 A sequence {X,},>1 of random variables is called weakly -
mixing if 3§ > 0 and integers N > 1, k > 1 such that

P(ANB) > 8P(A)P(B), VA€ o(Xy, ..., Xn), B € 0(Xnsx), Vn > N.

Theorem 3.6.1 Let {A,},>1 be a sequence of events such that >_, P(A,) = oo and
{14, }n>1 is weakly x-mixing. Then P(limsup A,) = 1.

Proof Let §, N, k be as in Definition 3.6.1. We can assume that § < 1. Get j €
{1, ..., k} such that > P(Auk4;) = oo; this is possible since > P(A,) = oco. Put
Dy = Apgyj.n > 1. It suffices to show that P (lim sup D,) = 1. If not, 3 an integer
m such that mk > N and P(U2, D;) < 1. Fix an integer ¢ > 2; then
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P (UX,,Di)

1=m

A%

P (U D)

=m
P (D) + P(Dy, N Dyy1) + P(Dy, N Dy N D)

> 8 P(Dy) +8P(Dy) P(Dyy1) + 8P(Dyy, N Dy ) P(Di12)
4+ 4+ 8Py N---N Dy )P(Dpyr)
m—+t

> 8P(DG NN DS, ) > P(Di)
i=m

m-t
> 3§ (1— P(UZ,, D)) Z P(D;).

Letting t — oo, we get

P ('OJ D,-) > (1 - P(ij> D,-)) > P(D) =c0

1=m .
=m

as P (Uﬁm Di) < land Zfim P(D;) = oo. This is a contradiction. [

Remark 3.6.2 Examples 1.6.4, 1.6.15, and 1.6.16 hold if the assumption ‘{X,},>1
are pairwise independent’ is replaced by ‘{ X, },>1 are weakly *-mixing’.

Some results (with applications) related to Theorem 3.6.1 are obtained by Cohn
(1972) and Yoshihara (1979).

3.7 Results of Fischler

We first state a definition. Let (2, A, P) be a probability space.

Definition 3.7.1 A sequence of events {B,},>1 is said to be mixing of density ¢, if
P(B,NA) — aP(A) VA € A.

The above definition is due to Rényi (1958). Note that this implies P(B,) — «
(andso 0 <a <1).

Lemma 3.7.1 If {B,},>1 is mixing of density o, and P(limsup B,) < 1, then 3 an
event D such that P(D) > 0 and P(B,, N D) = 0 for all sufficiently large n.

Proof Let E = liminf BS. Then P(E) > 0. For each finite subset S of N, the set

of all natural numbers, let
Dy = (m B,-)m(m B;).
ieS i¢S
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Then it follows that S # S = Dg N Dg = ¢, and that U Dg = E. As the set of all
such S’s is countable, we must have P(Dg,) > 0 for some such Sp. Put D = Dyg,.
This D works. (Il

Theorem 3.7.1 Let {B,,},>1 be mixing with density a.

(a) Ifa > 0, then P(limsup B;) = 1.
(b) Ifa < 1, then P(liminf B,) = 0.

Proof (a) Suppose that P(limsup B,) < 1. This will lead to a contradiction. By
the above lemma, 3 an event D such that P(D) > 0 and P(B, N D) — 0. But
P(B, N D) — aP(D) so that  P(D) = 0. This is a contradiction.

(b) Note that {B;;} is mixing with density (1 — o). (Il

Definition 3.7.2 A sequence of events { B, },>1 is called stable with local density o
if P(B,NA) — [, adP VA € A.

The above definition is due to Rényi (1963). The following is an analog of Theorem
3.7.1 for stable sequences.

Theorem 3.7.2 If {B},>1 is stable with local density o, then
P(limsup B,) > P(a > 0), P(liminf B,)) <1 — P(x < 1).

Proof To establish the first inequality, note that we can assume P(o > 0) > 0.
Suppose that P(limsup B,) < P(e¢ > 0) < 1. By the above lemma, 3 an event
D such that P(D) > 0 and P(B, N D) — 0. So fD adP = 0. As P(D) > 0 and
P(a > 0) > 0, we must have f p @dP > 0. This is a contradiction. The second
inequality now follows, since {B;},>1 is stable with local density (1 — o). [l

Definition 3.7.3 A sequence of events {B,},> is called mixing if
P(B,NA)— P(B,)P(A) > 0VA € A.

Clearly, mixing with density o implies mixing. Also, if P(B,) — 0 then {B,},>1 is
mixing.

Theorem 3.7.3 Let {B,},>1 be mixing and ) P(B,) = oco.

(a) If P(B,) #> 0, then P(limsup B,) = 1.
(b) If P(B,) — 0, then P(lim sup By,) can be arbitrary.

Proof (a) Note that liminf P(B,) < limsup P(B,) so that at least one of these
two numbers is not 0. Consequently, 3 a subsequence {By, };>1 such that
P(B,,) — o for some o > 0. But then {B,, };>1 will be mixing with den-
sity . Theorem 3.7.1 (a) now completes the proof.

(b) Consider the unit interval [0,1] with the Lebesgue measure. Let 0 < ¢ < 1.
Split [0,t] into two equal parts By, B; then split [0, ] into four equal parts
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B3, B4, Bs, Bg, and so on. Then > P(B,) = oo, and {B,},>1 is mixing (see,
also, the remark below). But lim sup B, = [0, ¢]. O

Remark 3.7.1 1f the defining condition of mixing holds for each A = By, k =
1,2, ..., then {B,},>1 is mixing; see Rényi (1958). It follows that pairwise inde-
pendence implies mixing.

The above results are due to Fischler (1967b). For an alternative proof of Theo-
rem3.7.1, see Fischler (1967a).

3.8 Results of Martikainen and Petrov

Following Martikainen and Petrov (1990), we first discuss properties of a character-
istic, d(X), of a random variable X. Let

d(X) = (E(X)*/E(X?),
provided P(X =0) < 1 and E(|X|) < co. Then 0 < d(X) < 1 and d(X) depends

on X only through the distribution of X. We have, furthermore,

(@) d(X +Y)>mind(X),d(Y))if X >0,Y > 0;
() d(X1+--+Xn) = (/2 EXD) /(14272 E(X))) , provided
cov (X;, Xj) <0Vi # jand E(X?) < E(X;) Vi.

For a proof, note that (a) follows from
d(X +7Y) > (E(X)+ EXY)*/(E(XX?) + E(Y) + 2(E(XHEX*)'/?)
= (E(X) + E(")*/(VE(X?) + VE(¥?))?

> (min(E(X)/VE(X?), E(Y)/VE(Y%)))*
since if E(X)/vVE(X?) < E(Y)/ E(Y?), then

WEQXY?) +VEXY))/VEX?) < (EY) + E(X)/E(X),
while (b) follows from
EXi++X)? =D EXiX;)+ > EX})
i) i=1

< D EXDEX)) + > E(X))
i#] i=1
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n 2 n
< (Z E(xo) + > EX)).
i=1 i=1

Andél and Dupac (1989) have obtained the following result: For a given sequence
of events {A, },>1, assume that there exists a sequence of independent events { B, } ;> 1
such that A, C B, Vn > 1, P(A,)/P(B,) — 1, and > P(B,) = oo; then
P(A, i.0.) = 1. Corollary 1 below extends it.

Theorem 3.8.1 (Martikainen and Petrov (1990)) Let {A,},>1 be a sequence of
events. Assume that exists a sequence of events { B, },>1 suchthat P(B,NAS)/ P (By)
— 0and )’ P(By,) = 00. Then P(A, i.0.) > dy for each M > O where

dy = 1i Ip,
= i s d {2 1
jes

the supremum being taken over all finite subsets S of {k, k + 1,k + 2, ...} such that
ZjeS P(Bj) <M.

Proof Letk > 1 be an integer. Then 3 a finite subset S; of {k, kK + 1, ...} such that
Zjesk P(Bj) <M andd (Zjesk Igj) > supd (Zjes IB_/) — k! Now

P(U Bj)zd ZIBJ' — dy as k — oo.

=
J €9k jesi

But > P(BjNA}) — 0ask — oo, and

P(U Aj)ZP(U Bj)—ZP(Bijj),

j €Sk j €S,
J €95k J €5k jeSk

asB; C A; U (B; ﬁA?) Vj.
Therefore,
P(A,i.0.) > limsup P (UjeSkAj) >dy. O

Corollary 1 Let {A,},>1 be a sequence of events. Assume that 3 a sequence of
events {Bp}n>1 such that P(B, N AS) = o(P(By)), > P(By) = oo and {By}n>1 is
pairwise NOD. Then P(A, i.0.) = 1.

Proof By the property (b) above, we have dyy > (1 + M~H)~™' vM > 0. So
P(A,i0) > (1 +MH™ 'V M > 0. Letting M — oo, we get the desired
result. [l
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Remark 3.8.1 From the above theorem, we get the result that if > P(A4,) = oo,
then P(A, i.0.) > lim;_ o (supd (ZjeS IA/.)) V M > 0 where the supremum

is taken over all finite subsets S of {k,k + 1, ...} such that ZjeS P(A)) < M.
Martikainen and Petrov (1990) remark that this extends Theorem 3.2.1. They also
remark that 3 a sequence of events {A,},>1 such that > P(A,) = oo and

(Zlipean)
i X PANAy) T

lim sup

but

sup lim | supd ZIA' =1,
M>0k—00 ies /

the innermost supremum being taken as above. However, they did not supply any
justification.

We conclude this section with four references. In Méri and Székeley (1983), one
gets several lower bounds for P (lim sup A,,). A similar remark holds for Amghibech
(2006) as well. These papers are related to Theorem 3.2.1. A version of the Borel—
Cantelli lemmas for capacities is proved in Song (2010); this paper is related to Petrov
(2004). A quantitative form of the BCL has been obtained by Phillipp (1967).

References to Stirling’s numbers are made in Amghibech (2006); see, in this
connection, Van Lint and Wilson (2001).
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Chapter 4
A Strengthend Form of BCL

4.1 Pairwise Independence

Let {A,},>1 be a sequence of events. Put

n n
No= D Ip.sn=ENy) =Y P(A).n>1 4.1.1)
k=1 k=1

Then if >°;2 | P(Ax) = o0,

Ny L
[E(Nn) — 1:| C [N, — oo] = limsup A,,. “4.1.2)

To verify this, let N,(w)/E(N,) — 1. Then 3 an integer m > 1 such that
Ny(w)/E(Ny) > 1/2and E(N,) > 0Vn > m, and hence Vn > m

Ny(w) > %E(Nn) — &0

n
since E(N,) = > P(Ay) — oo by the given condition.
k=1
o0
Henceforth, we shall assume that > P(A;) = oo, and consider additional suf-
k=1
ficient conditions on {A, },>1 so as to guarantee

N,/E(N,) — la.s. 4.1.3)
By (4.1.2), this will strengthen the conclusion of the second Borel-Cantelli lemma.

The first result extends a part of Theorem 3.1.2, page 63; see, also, Corollary 1(a) of
Theorem 4.1.2 below.

T. K. Chandra, The Borel-Cantelli Lemma, SpringerBriefs in Statistics, 85
DOI: 10.1007/978-81-322-0677-4_4, © The Author(s) 2012
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Theorem 4.1.1 Let {A,},>1 be a sequence of events such that

(a) > P(A,) = oo; and
(b) {An}nz1is pairwise NOD, i.e.,

P(AiNAj) S P(ADPA)HYi#j

(a fortiori, {Ap}n>1 is pairwise independent). Then (4.1.3) holds where N, is
given by (4.1.1). O

The proof of the above theorem is elementary and is based on the method of
subsequences which uses only Chebyshev’s inequality and Theorem 1.5.1 (c), page
26. See, e.g., Durrett (2005, p. 50) and Chandra (2012, p. 118). For some applications
of this method, see pp. 51-54 of Durrett (2005).

We shall show below that minor modifications of these arguments lead to a con-
siderably general result.

Theorem 4.1.2 Let {X,},>1 be a sequence of nonnegative random variables such
(0.¢]

that > E(X,) =o00.Let Sy = X1 +---+ Xp,n> 1. Letay, 1 ocoandr > 0bea
n=1

real.

(a) Ifthere exist constants ¢ > 0 and d € [r — 1, r) and an integer p > 1 such that
E|S;—an" <calVn=>p (4.1.4)

then S, /o, — 1 a.s.
(b) Letoay, = E(S,),n > 1. If, whenever 1 <i < j,

(E(X;))?

cov(X;, X;) < q(j—i)a; +bj) + G -1

4.1.5)

where {ay}n=1, {bn}n=1, and {q(n)},>1 are non-negative sequences, and for
some o € [1,2), one has

D EX]) =0((E(S:)*) as n — o0, (4.1.6)

i=1

n n—1 n
(zq(i)) Dlai+ D b | =0(ES) as n—> o0, (4.17)
i=1 i=1 j=2

then S, /E(S,) — 1a.s.

Proof (a) Let m be an integer > p such that o, > 0 Vn > m; such an m exists
since o, — 00. Let B > 1/(r — d) > 1. Define inductively
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ny=inf{n >1:0, > 1}, ng = inf{n > nj_ : a, > kP} for k> 2.
(4.1.8)
Then each ny is well defined, and {ny}x>1 is a subsequence of natural numbers.
PutY, = S, /oy, n > m. Now

DEY, -1 <cXal
k

cZkﬁ(d*’) as oy, > kP andd < r
k
<oo as B(r—d) > 1.

IA

By Theorem 1.5.1(c), page 26,
Yo, = las. 4.1.9)
We now show that
[Yo, = lask — oo] C[Y, —> lasn — o], (4.1.10)

so that (4.1.9) and the definition of Y, together imply that S, /o;, — 1 a.s.
To verify (4.1.10), let Y, (w) — 1 as k — oo. Let € > 0. We show that 3 an
integer t > m such that for eachn > ¢

l—e<Y, <l+e 4.1.11)

ie., Y, (w) = lasn — oo.
Let ko > 1 be such that |Y,,, (w) — 1| < €/2andng, > mVk > ko. Letk; > ko
be an integer such that

A—e€/2kP/k+1)F =1—¢, and 1 +€/2)(k + DP/kP <1+ € Vk = k.

Putt =ny,. Letn > ¢, If
n = ni forsomek > 1, then (4.1.11) holds. Letn ¢ {ny : k > 1}. Then 3k > k
such that ny < n < ngy1 — 1. By the given condition, S,, < S, < Sy, -1,
and k# < ap < oy < a—1 < (k+ DPoSo (1 — €/kP/(k + 1P <
@y [~V < Yo < Yo 1@y -1 /a,) < (1= €/2)(k + 1P /kP so
that (4.1.11) again holds.
In view of Part (a), it suffices to show that (4.1.5)—(4.1.7) together imply (4.1.4).
Let m > 2 be an integer such that E(S,)) > 1 Vn > m. Thenif n > m,
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n j—l1

$ (E(X)))?
var(S,) = E(X]) +2 (cov(Xi, X;) — —f)
i=1 j=2 i=1 ! 2(] - 1)
n n j—1
<D EXD 42D > q(—i)ai +b))
i=1 j=2 i=1

n

n j—l
=> ExXH+ ZZ Zq(k)(a,;k +0j)
i=1

=1

\..

n—

_ZE(X2)+ZZ q(k) Z (@j—x +bj)

Jj=k+1

n—1

< ZE(XZ) +2Z q(k) Za, +Zb
= 0((E(Sp)Y). O

Corollary 1 Ler {A,},>1 be a sequence of events such that > P(A,) = 0o

(a) If there exists an integer m > 0 such that P(A; N Aj) < P(A;))P(A))
VY |i — j| > m, then (4.1.3) holds where Ny, is given by (4.1.1).
(b) More generally, assume that 3 an a € [1,2) such that

n j—l1 n
1
> (P(A;NA) = P(ADP(A)) = 5 > (P(AD)? = 06s2). (4.1.12)
j=2i=l1 i=1

n
where s, = E(N,) = »_ P(Ag),n > 1. Then (4.1.3) holds.
k=1

Proof (a) Weuse Theorem4.1.2 (a). First,assumem = 0.Soput X,, = I4,,n > 1;
then Ny = X14+---+ X, n>1,and > E(X,) = 00, {E(X,)},>1 is bounded
by 1 and cov (X;, X;) < Ofori # j. Thenifn > 2,

n
varN,, = Zvar(X,') + ZCOV(Xi, X;)
i=1 i£]

< D var(X;)) < D E(X]) =D E(X;) =s,
i=1 i=1 i=1

so that (4.1.4) holds with p =2, c=1land ¢ = 1.
Now assume that m > 1. Then, with the above notation, for n > m + 1
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n
var(Ny,) < s, + Z cov(X;, Xj)

i,j=1li—jl<m
n

<si+ > P(ANA))
i,j= l|l /|<m

<sn+2z ZP(A N Aitk)

i=1 k=1

<sp+ 22 Z P(A;) = 2+ 2m)s,.

i=1 k=1

Thus, Theorem 4.1.2 (a) is, again, applicable.

(b) We again use Theorem 4.1.2 (a) with X,, = I4,,n > 1. It suffices to show that
(4.1.4) holds. Let m > 2 be an integer such that s, := E(N,) = >i_, P(A;) >
1Vn > m. Then if n > m,

var(Nn)
—ZP(A)—Z(P(A )’ +2Zn;jZi<P(A NAj) — P(A)P(A))
:;,,l—l—O(s,‘;‘):lO(z,‘f). =
Thus (4.1.4) holds. O

We next apply Theorem 4.1.2 (a) to improve the above Corollary 1 (a) on page
88 considerably.

Theorem 4.1.3 Ler {A,},>1 be a sequence of events such that »_ P(A,) = oo.
Assume that 3 an integer m > 1, a non-negative sequence {q(n)},>1 and a constant
o € [1, 2) such that

P(AiNAj) = P(A)P(A)) — (P(A))*/2(j — 1))

< q(li = JDIP(A) + P(Aisr) + P(A) + P(A;_D1ifli — jl > m 11

n—1 n
and Z q(i) = 0(s*~ ") where s, = > P(A;),n > 1. Then (4.1.3) holds where N,
i=1

lsas in (41 1).

Proof We apply Theorem 4.1.2 with X,, = [4,,n > 1; see also the proof of
Corollary 1 (a). Puta; = P(A;) + P(Aiy1),bj = P(Aj)) + P(A;_1),i > 1,j >

n
2. Then (4.1.12) reduces to (4.1.5); (4.1.6) holds, since D>’ E(X?) = E(N,) =
i=1
—1
O0((E(N,))%). Finally, (4.1.7) holds, since z a; < 2sy, Z bj < 2sy. O
i=1 j=
For extensions of Theorem 4.1.2 (a), see Petrov 2008; 2009
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Example 4.1.1 Let {X,},>1 be a sequence of nonnegative random variables such
that E(X; — )"i)(Xj - )\,j) <O0Vi # jand E(X; — )\.l’)2 < cA; Vi > 1 where

o0

¢>0andA; > 0Vi > 1. Assume that > A; = oo. Then S,/a, — 1 a.s. where
i=1

S, =X1+---+X,ap=A+---+ A1, forn > 1.

Solution: We shall apply Theorem 4.1.2 (a) with r = 2 and d = 1. To this end, note
that forn > 1

o0
E(Sy —an)* = D EX; =) + D E(Xi = 1)(Xj — 1))
i=1 i#j
<cay.

Example 4.1.2 Let{X,},>1 be asequence of pairwise independent random variables
such that X, follows the Poisson distribution with mean A, for each n > 1. If
> An = 00, then S, /a, — 1 a.s. where S, and a,, are as in Example 4.1.1.

n

Solution: This is immediate from Example 4.1.1.

Remark 4.1.1 Assume, in Example 4.1.2, that the X, is independent. Then the result
is immediate from the SLLN of Kolmogorov. An alternative proof runs as follows:
Letn; = [A;], the integer part of A ;, and then replace {X,} by a sequence {Y, },>1 of
independent random variables with Y1, ..., Y,, following the Poisson (1) distribu-
tion, Y, +1 following the Poisson ({(A1)) distribution, Y, 42, ..., ¥, 4n,+1 following
the Poisson (1) distribution, Y}, +,,+2 following the Poisson ({(A;)) distribution, and
so on; here (x) stands for the fractional part of x. Then the means of the Y,, are
bounded by 1 and the proof of Theorem 4.1.1 goes through.

4.2 A Strong Law and the Second BCL

‘We shall use a modification, due to Chandra and Goswami (1992), of the SLLN of
Csorgo et al. (1983).

Theorem 4.2.1 Let {X,},>1 be a sequence of non-negative random variables and
{f(n)}n>1 is a nondecreasing sequence of positive reals such that

(a) f(n) — oo;

(b) 3 adouble sequence {p;;} of nonnegative reals satisfying

n

n
var(S,) < Z Z,O,'j, n>1; and

i=1 j=1

(c) sup,=; (Zhoy EX0)/f () < oo.
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Assume that 3q(m) > 0,¢; > 0Vm > 1, Vj > 1 such that
(d) pj—m,j <q(m)cjform=1,...,j—1land j > 2;
o0

(e) '21 pjj/(f(j)* < oo; and
/:

) > qim) Z?im+1 cj/(f(j))2 < 00.Then (S, — E(S,))/f(n) — 0a.s. where

m=1

Si=X1+---+X,,n>1

Proof See pages 102—103 of Chandra (2012). [
The following result is an extension of Remark 1 of Etemadi (1983).

Theorem 4.2.2 (Chandra and Ghosal (1993)) Let {A,,},,>1 be a sequence of events
satisfying
P(A;NAj)—PADP(A)) <q(j—iDPAj)) Vi< j “4.2.1)

o0
where g(n) > 0Vn > 1 and > qn)/s, < 00,s, being as in (4.1.1). If
n=1

S P(Ayn) = 0o, then (4.1.3) holds.

Proof There exists an integer m > 1 such that s, > 0 Vn > m. We now apply
Theorem 4.2.1 with f(n) = s, 1 00. Put X,, = I4,,n > 1. Let

pij = 2(cov(X;, X;)T if i < j; = 0 otherwise.
Then S,, = N,,, and Conditions (b) and (c) of Theorem 4.2.1 hold. Also,
pij <2q(j —DPA)Vi<j

so that Condition (d) holds withc¢; =2P(A;), j > 2. Now

z var(X;)/s3 < Z P(A))/s}

Jj=m+1 Jj=m+1
00 Sj 00
-2 _ -2 _
< X “dx = [ x“dx =1/s,; < o0.
j:m+13j—l Sm

Also, by the same arguments,

Dam) D cifsi <2 qn)/sy < 0.

n=m j=n+1 n=m

Thus Conditions (e) and (f) hold. ([l



92 4 A Strengthend Form of BCL

The proof of Theorem 4.2.2 shows that the following result is true: If {X,}n,>1 are
nonnegative and uniformly bounded sequence of random variables satisfying

cov(X;, Xj) <q(j —DEX;Vi> j,

and > EX, = 00,>.q(m)/E(Sy) < oo where g(n) > 0 Vn > 1, then
Sp/E(Sp) — 1a.s. where S, = X1 +---+ Xp,n > 1.
We now state the following useful consequences of the above theorem.

Corollary 1 Let > P(A,) = 00, and (4.2.1) hold where {q(n)},>1 is a nonnegative
non-increasing sequence of reals.
o
(a) If > q(n) < oo, then Ny /s, — 1 a.s.;
n=1
o0
(b) If limsup(n®*P(Ap)) > 0and > q(n) n*' < oo for some a € [0, 1), then
n=1
P(limsup A,) = I;
o
(c) Iflimsup(nP(A,)) > 0and > q(n) logn < oo then P(limsup A,) = 1.

n=1

o0 o0
Proof Part (a) follows, trivially, as > g(n)/sp < D qg(n)/s1 < oo.

n=1 - n=1
For (b), get a subsequence {ny}x>1 of natural numbers and € > O such that

P(A,) >em™, VYVm=ny,ny,...

Set By = Ay, , k > 1. It suffices to show that P(lim sup Bx) = 1. Note that for all
i<j,

P(BiNBj)— P(Bi)P(Bj) <qnj—n;)P(Bj) <q(j —i)P(Bj);

here we have used the fact that {g(n)},>1 is nonincreasing. Also,

k
ZP(Bf) > § k' for some § > 0.

j=1
Thus,
o0 m o0
S lamy D PBy) | <67 D gmm*! < oo
m=1 j=1 m=1

Hence, applying Theorem 4.2.2 to { Bx }x>1, we get the desired result.
The proof of Part (c) is similar; see, e.g., page 70 of Chandra and Ghosal (1998).
O
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Example 4.2.2 Let {X,},>1 be a sequence of random variables such that 3 a
sequence {g(m)},>1 of non-negative reals satisfying > o~ g(m) < oo and

PXi>s5,X;j>t)—P(X; >s)P(X; >1t) <q(j—P(X; >1),
PXi<s,Xj<t)—P(X; <s)P(X; <t) <q(j—DPX; <1)

foralli < j,s,t € R. Then for any real a, P(X,, — a) =0or 1.
(If the X,, are pairwise m-dependent or pairwise NQD, then the above conditions
are, trivially, satisfied.)

Solution: It suffices to show that

P(imsup X, <a)=0or1, P(liminf X,, > a) =0or 1.

To prove the first part, observe that

[limsup X, > a] = or?l X, >a+1/mio. (n)].

m=

o0
If > P(Xy, >a+1/m) <ooVm > 1, then P(limsup X, <a) = 1.

n=1
o0
If 3 aninteger m > 1 such that > P(X, > a + 1/m) = oo, then

n=1
P(limsup X,, < a) =0, astheevents {[X, > a+ 1/m]},>1 satisfy the hypothe-
ses of Corollary 1(a) of Theorem 4.2.2.
The second part can be proved from the first part applied to {—X,},>1 and —a.

Remark 4.2.2 Assume that { X, },> satisfies the conditions of the last example. Then
P({X,} converges to a finite limit) = 0 or 1; see Example 1.6.16.
A similar remark holds for Example 1.6.15.
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Chapter 5
The Conditional BCL

5.1 Lévy’s Result

The assumption of ‘independence of the A, in the second Borel-Cantelli lemma

was replaced by weaker assumptions of some ‘dependence’ structures on A,’s in
Chap.3. An alternative way to get around this assumption is to use conditioning,
which is, essentially, due to P. Lévy; see Lévy (1937, Corollary 68, p. 249) or Doob

(1953, Corollary 2, p. 324).

To understand this form of Borel-Cantelli lemma, it is necessary to know the
theory of conditional expectations and probabilities, and the theory of martingales;
see, e.g., Chap. 6 of Billingsley (1995). In particular, any conditional probability will

be a random variable, and not a numerical constant.

We shall use the following result about martingales; see, e.g., Theorem 5.2.8 on

page 96 of Breiman (1968).

Theorem 5.1.1 Let {(X,, F1)}n>1 be a martingale such that

E(SUP [Xnt1 — Xn|) < Q.
n>1

If
A = {lim X,, exists and is finite ],
B = [limsup X,, = oo, liminf X, = —o0],

then P(AUB) = 1.

(The above theorem resembles a zero-one law.)

T. K. Chandra, The Borel-Cantelli Lemma, SpringerBriefs in Statistics,
DOI: 10.1007/978-81-322-0677-4_5, © The Author(s) 2012
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Theorem 5.1.2 (The Conditional Borel-Cantelli Lemma) Let (2, A, P) be a prob-
ability space, and let {F,},>1 be an increasing sequence of sub-o -fields of A, Fo C
F1 C ...where Fo = {0, Q}. Then with probability one

D la, = 00iff D P(An|Fy) = 0o,

Proof LetZ, = 1s, — P(Ap|Fn—1),n > 1. Then |Z,| < 1 a.s. and {Z,},>1 is a
martingale-difference sequence so that

n
X, :Zzi, n>1
i=1

is a martingale satisfying the condition of Theorem 5.1.1. Define A and B as in
Theorem 5.1.1. Clearly, if w € A then

D 14, (@) = 00iff D P(An411F) (@) = oo.
n=1

n=1

o0
If w € B, then ZZOII 14, (w) = oo and Z P(A,+1]F,)(w) = o0o; use the facts that

n=1

n n
D Ia = Xe, D PAIFi-1) = =X,

i=1 i=1
Since P(A U B) = 1 by Theorem 5.1.1, the proof is complete. (]

Lévy’s theorem implies the usual Borel-Cantelli lemma. For, if > P(A,)
< oo then EQ. P(Ap|Fn—1)) < o0 and so PO P(A,|Fu—1) < o0) = 1
which implies, in view of Lévy’s theorem, that P(3>_ 1 A, < 00) = 1, ie., that
P(limsup A,) = 0; if {A,},>1 are independent and >_ P(A,) = oo, then taking
Fo = {0,Q}and F, = c({A1,...,Ap}) forn > 1 we get > P(Ay|Fu-1) =
> P(Ay) a.s. sothat P(Q 14, = 00) =1, ie., P(limsup A,) = 1. Lévy’s result
is, however, more widely applicable, as the following example demonstrates.

Example 5.1.1 Let {X,},>1 be iid with the common distribution U (0, 1), the uni-
form distribution over (0, 1). Then X1, ..., X, splits (0, 1) into (n + 1) subinter-
vals. Let A, = [X,,+1 € I,,] where I, is the largest of these subintervals. Show that
P(limsupA,) = 1.

Solution: Clearly, the length of 7,, is > 1/(n + 1), and

P(A,|F,—1) = thelengthof I, > 1/(n + 1) a.s.
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where F,, = o ({X1, ..., Xp}),n > 1. Thus, > P(A,|Fn—1) = 00 a.s. and hence
> 14, = 00 a.s. by Lévy’s theorem. So P(limsup A,) = 1. ]

We now give a very simple and elementary proof, due to Chen (1978), of a slightly
more general form of Theorem 5.1.2 (see, also, Meyer (1972) and Freedman (1973)).

Theorem 5.1.3 (Chen (1978)) Let {X,}n>1 be a sequence of non-negative random
variables defined on (2, A, P). Let {Fn}n>0 be a sequence of sub-o -fields of A. Let
M, = E(X,|Fu=1) forn > 1.

If {Fu}n>o is increasing, i.e., if F,, C Fpy1 Vn > 0, then

o0 o0
ZX,,<ooa.s. on |:ZMn<ooj|.
n=1 n=1

Conversely, if Y := sup(X,, /(1 + X1+ ---+ X,,—1)) is integrable and o (X1 + - - - +
n>1

X, C F,¥n > 1, then

o0 o0
ZM,,<ooa.s. on |:ZX”<O{|
n=1 n=1

(X, need not be, in general, F,-measurable.)

Proof Let My = 1. Note that

D My /(Sp1Sy) <1

n=1

n
where S, = Z M;, n > 0; this is true, since the above series is telescoping and its
i=0

s -1
sumis 1 — (Z Mn) . Therefore,
n=0

,—
v

E(Z Mn/<sn_lsn))

n=1

E (i Xn/(snlsn)) > E (i Xn) / (2 Mn)2

n=1 n=1

[Here we have used the Monotone Convergence Theorem (applied to a nonnegative
series), and the fact that
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E (Xn/(Sn—ISn)) = E(E(Xn/(sn—lsnﬂfn—l))
= EM;,/(Sn—152))-]

o0
Therefore, P (|:Z;’l°=1 X, = oo:| N |:Z M, < oo:|) =0.
n=1

n
To prove the converse, let Xo = 1. Note that, if S} = Z X; forn > 0,
=0

o0 o0 2 o0

E (Z Mn)/(z Xn) < E(Z M,,/S:L)
n=1 n=0 n=1

E (Z X, /S;:El)
n=1

E (Z(xms;‘:]s:))(l + xn/szl))

n=1

< E((l +7) an/w::_lS:))

n=1

<E(1+Y) < .

oo oo
This implies that P (|:Z M, = oo:| N |:Z Xn < oo:|) =0. U
n=1 n=1

(See the last paragraph on page 700 of Chen (1978) for some useful remarks.)

Corollary 1 Let {X,},>1 be a sequence of nonnegative random variables defined
on (2, A, P) and let there be an increasing sequence {F, }n>0 of sub-o -fields of A.
Let Go C A be any o-field, and forn > 1, let G, = 0 (X1 + ...+ X,). Suppose that
E(Y) < oo where Y is as in Theorem 5.1.3. Then

[Z E(Xu|Fn1) < oo} Cp [Z E(X4|Gn1) < oo]
n=1 n=1

where A Cp B means that P(A N B¢) = 0.

Proof This is immediate from the above theorem:

[Z E(Xp|Fn_1) < oo] Cp [an < oo] Cp [Z E(X|Gno1) < oo:|. O

n=1 n=1
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We next state a result of Dubins and Freedman (1965).

Theorem 5.1.4 Let (2, A, P) be a probability space. Let {Ap}n>1 be a sequence
of events such that A, € F, Yn > 1 where {F,},>0 is an increasing sequence of
sub-o-fields of A. Let p, = P(Ap|Fn—-1), n > 1 and assume that0 < py < 1, Fy =
{0, 2}. Then

Ta, + -+ 1a)/(p1+ -+ pn)

converges to a finite limit L a.s. and in rth mean (0 < r < 00). Also, L =1 a.s.on
o

>n-)
1

A part of this theorem is proved in Athreya and Lahiri (2006, pp. 235-236). For
generalizations, see Freedman (1973, Proposition 39 and Theorem 40 on pages 920
and 921 respectively; see, also, Proposition 52 on page 925).

5.2 A Result of Serfling

We first introduce a notation. For random variables X and Y, let

d(X,Y)=sup|P(X € B)— P(Y € B)|
BeB

where B is the Borel o-field on R. Then

(a) d(X,Y) < P(X # Y),provided X, Y are defined on the same probability space,
and
(b) d(X,Z) <d(X,Y)+d(Y, Z).

Thus, d(X, Y) can be regarded as a distance, called the fotal variation distance,
between X and Y (or, more precisely, between the distributions of X and V).
Results of this section are due to Serfling (1975).

Lemma 5.2.1 Let Xy, ..., X, be non-negative integer-valued random variables
defined on a probability space (2, A, P). Put

p=PX1=1), pp=PX;=1|F_for 2<i=<n,

where i = (X1, ..., X;). Let X{, ..., X} be independent Bernoulli variables
with respective success probabilities py, ..., py. Then

n n n n
d(le‘, Zx;“) <D Elpi — pfl+ D _P(X; 2 2).
i=1 i=1 i=1

i=1
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Proof Write X] = Ijx;—1) for 1 <i <n, and put
pi=p1. pj=PX;=1|F_)for 2<i<n
where F/ = o (X1, ..., X}). Clearly, 7/ C F; and so
pi = E(pilF{_)) for2 <i <n.

Now note that

i=1 i=1 i=1 i=1

< ip(x,- # X)) = Z P(X; > 2).
i=1

i=1

We next proceed to construct X} and X for 1 < i < n on a common probability
space. Let Ry, ..., R, be iid random variables following the uniform distribution on
[0,1]. Set
X¥ = I[R,SP;‘] for 1 <i <n, and

1

— /I ,
Xy =lir<pppr X =lig<pjxi.xi_ ) 2=i=n

where, for2 <i <n,

pixy, .o x_ ) =P =1x] =x],....x_, =x]_),

x}:Oorl, 1<j<i-1
Now observe that
P(X] # X)) = E(P(X] # X[|F{_)) < E(p] — p}])

and that
E(lp; — p{1) = E((pi — p}|F_DD < E(Ilpi — p}])

n n n
Thusd(ZX;,ZX?)sZE(Im - pil)- O
i=1 i=1 i=1

The following result is due to Iosifescu and Theodorescu (1969, p. 2): let ¢; = O,
and forn > 2

¢n = sup{|P(An|F) — P(Ay)| : F € Fu—1, P(F) > 0}
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where F,, = o(Ay,...,An), A1, Az, ... being a given sequence of events; if
> ¢n < 00, then P(A, i.0.) = 1. The next result, due to Serfling (1975), gives
an extension of the above; see Remark 5.2.1 below.

Theorem 5.2.1 Let {A,},>1 be a sequence of events. Put

P1= P(Al), Pn = P(Anu:n—l)forn > 2.

IfZE(|p,, — P(Ap)]) < oo and > P(A,) = oo, then P(A, i.0.) = 1. Here

n=1

Fo=0({Ar, ..., Ax}),n > 1.

n=m

Proof 1t suffices to show that P ( OFCWJ A;) — 0 as m — oo. To this end, let

X, =14,,n > 1.Then F{, 7, ...and py, p2, ... as defined above also correspond
to X1, Xp,...asin Lemma 5.2.1. Hence,

P(ngmA;) P(éan)

P(éXZ:O)nLd(ZXn, Zx;ﬁ)

<
n=m n=m
M M
< P(ZX;‘; =0)+ZE(|pn—pZ|)
n=m n=m

where X7, X3, ... are independent Bernoulli variables with respective success prob-
abilities P(A1) = p}, P(A2) = pj, ... Using the independence,

M M M
P (Z X} = o) =[] a-rw@n < exp(— > P(An)).

Letting M — oo, we get in view of > P(A,) = o0

P (Oﬁm Af;) <> Epa - PADD.

n=m
Letting m — oo, we get the desired result. (]

Remark 5.2.1 Note that |p, — P(A,)| < ¢, a.s. This can be seen in the following

way: let n > 2, and note that F,_ is atomic; let the atoms of it having non-zero
k

probabilities be E7, ..., E;. Then Z IEj =1la.s., and
j=1
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k
P(An|Fuo1) = D Ig, P(A4|E)) as.
j=1
so that
k
|pn — P(An)| = | D _(P(A4|Ej) — P(An)IE,| as.
Jj=1
k
= ZIEjd)n =¢, a.s.
j=1
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